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Abstract

The goal of this project is to form an understanding of quadratic number fields of
both positive and negative discriminants D, and in particular, their class groups.
We begin by establishing a correspondence between the ideal class group and the
form class group, which consists of equivalence classes of binary quadratic forms.
We further explore Gauss’s class number problems and use the correspondence es-
tablished to compute class numbers for different values of the discriminant D, and
to derive other results about the structure of the ideal class group. We then look
at the splitting of prime ideals in field extensions of a Dedekind domain, and then
apply this theory specifically to prime numbers in Q to obtain their prime ideal fac-
torizations in quadratic number fields. The theory of ramification of prime numbers
is then used as background knowledge to further study the ideal class group, and
derive various results on the class number. In particular, unramified field extensions
are studied in detail. The Hilbert class field is briefly introduced.
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Chapter 1

Pre-requisite Knowledge

In the chapter below we state a number of results without proofs. Some common
references are [1], [2], and [3].

1.1 Fields and Galois Theory

Let K be a field and F' an extension field of K. This means that F' is a vector space
over K, dimg(F) = [F : K],
lg =1p

Recall that if u € F' is algebraic over K, then

o K(u)= Klul

o K(u)= % where f is the minimal polynomial of u and deg f =n
o [K(u):Kl=n

o {1g,u,u? ..., u" '} is a basis of K(u) over K

Also recall that a finite-dimensional extension field of K is finitely-generated (as
a ring over K) and algebraic.

Definition 1.1.1 (K-homomorphism). Let E and F' be extension fields of K. A
nonzero map
o:E—F

which is both a field and a K-module homomorphism is called a K-homomorphism.

It is easy to see that a field homomorphism ¢ is a K-homomorphism if and only
if it fixes K element-wise. K-automorphisms are defined similarly.

Definition 1.1.2 (Galois Group of F over K). The Galois group of a field extension
F over K is defined as the group of all K— automorphisms of F', i.e.

Gal(F/K) = AutxF



Theorem 1.1.1. Let F be an extension field of K and f € K[z]. If u € F is a root
of f and o € AutgF, then o(u) is also a root of f.

Note that FF = K = AutgxF = 1. However, the converse is not true. For
example, take
K=QF=Q(V2)#Q
Here, F # K but AutxF = 1 because the only possible images of v/2 under
an automorphism are the roots of 2® — 2 (by the above theorem), the other two of
which are complex.

Definition 1.1.3 (Fixed field, Galois Extension). Let F' be an extension field of K
and E be an intermediate field. Let H be a subgroup of AutxF. Then,

1. FF ={v e F|o(v) =v,Yo € H} is an intermediate field of the extension
KCF

2. AutgF = {0 € AutgF | o(u) = u,Y u € E'} is a subgroup of AutyF

FH ig called the fixed field of H in F. F is called a Galois extension of K if the
fixed field of Autx F is K.

Theorem 1.1.2 (Fundamental Theorem of Galois Theory). Let F', K, H, F E,
AutgF be as above. If F is Galois over K, then the correspondence

H— FY

is a bijection from the set of subgroups of Gal(F/K) := Autk F to the set of subfields
of the extension K C F, and its inverse is given by the map E — AutgF'.

Definition 1.1.4 (Splitting Field). Let K be a field, f € K[z] be a polynomial of
positive degree. An extension field F' of K is said to be a splitting field over K of f
if f splits in Flz], and F' = K (uy,us, ..., u,), where uy, us, ..., u, are the roots of
fin F. F D K is said to be a splitting field over K of the set S of polynomials if
every polynomial in S splits in F[z| and F is generated over K by the roots of all
polynomials in S. If S is finite and S = {f1, fo,..., fu}, then a splitting field of S
is the same as a splitting field of the single polynomial f = fifs... fa..

Definition 1.1.5 (Galois Closure). The Galois Closure of extension K C F in a
fixed algebraic closure F' is a field which is minimal among all Galois extensions of
F' containing K, i.e. it is the intersection of all Galois extensions of F' containing

K.

Definition 1.1.6 (Separable Extensions). A separable extension is an algebraic field
extension £ D F' such that for every a € E, the minimal polynomial of o over F' is
a separable polynomial, i.e., its formal derivative is not zero when evaluated at any
of its roots, or equivalently, its roots are distinct in an algebraic closure of K. An
extension that is not separable is said to be inseparable.

Definition 1.1.7 (Normal Extensions). An algebraic field extension L D K is called
normal (we also say that L is normal over K) if every monic irreducible polynomial
over K that has at least one root in L, splits over L. In other words, if o € L, then
all conjugates of o over K (i.e., all roots of the minimal polynomial of o over K)
belong to L.



1.2 Quadratic Number Fields and Rings of Inte-
gers

Definition 1.2.1 (Number Field). An algebraic number field, or simply a number
field, is a finite degree extension of the field Q of rational numbers.

Definition 1.2.2 (Quadratic Number Field). A degree two number field is called a
quadratic number field.

Theorem 1.2.1. Every quadratic number field is of the form Q(\/E) where d s a
square-free integer.

Let L be a field and A be a ring such that A C L.

Definition 1.2.3. An element o € L is said to be integral over A if a satisfies a
nonzero monic polynomial equation with coefficients in A.

Theorem 1.2.2. An element a € L is integral over A if and only if Ala] is a finitely
generated A-module. Consequently, the set of elements of L that is integral over A
constitutes a ring.

Definition 1.2.4 (Integral Closure). The integral closure of A in L is the ring of
elements of L integral over A.
A is called integrally closed if it is its own integral closure in its field of fractions.

Proposition 1.2.1. A UFD is integrally closed.

Proposition 1.2.2. Let K be the field of fractions of A and L a finite extension
field of K. Assume that A is integrally closed. Then, an element o € L 1is integral
over A if and only if its minimal polynomial over K had coefficients in A.

Theorem 1.2.3. The ring of integers of a number field is integrally closed.

1.2.1 Ring of Integers is Finitely-Generated

In this subsection, we prove that the ring of integers O is a finitely generated
Z-module. Let A be an integrally closed Noetherian domain with field of fractions
K. Let L be a separable and finite field extension of K, and let B be the integral
closure B of A in L.

Proposition 1.2.3. Let A be an integrally closed domain with field of fractions K,
and let B be the integral closure of A in a separable extension L of K of degree m.
There exist free A-submodules M and M’ of L such that

MCBCM

Thus, B is a finitely generated A-module if A is Noetherian, and it is free of rank
m if A is a PID.

Corollary 1.2.1. The ring of integers in a number field L is the largest subring that
is finitely generated as a Z-module.
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Proof. Apply the above proposition to the special case where A =72, K = Q, L =
Q(V/d)) to conclude that the ring of integers O is a finitely generated Z-module.
It is known to also be a subring. Moreover, if B C K is any finitely generated
Z-module, any element of B must be integral over Z, and thus B C Ok. O]

Remark 1.2.1. Since Ok is finitely generated over Z, every ideal of it is also finitely
generated (as an ideal). Thus, it is a Noetherian ring.

Definition 1.2.5 (Integral Basis). When K is a number field (i.e. a finite extension
of Q), a basis ay,ay, ..., a,, for Ok as a Z-module is called an integral basis for K.

Definition 1.2.6. Let K be a number field, and let Ok be its ring of integers.
Let aq,ag,...,a, for Ok be an integral basis of Ok and let {oy,...,0,} be the
set of embeddings (injective homomorphisms) of K into the complex numbers. The
discriminant dx of K is the square of the determinant of the n by n matrix B
whose (i, j)-entry is o;(b;).

2

Ul(bl) Jl(bz) s Ul(bn)
A =det | 200
oulb) oo oo an(ba)

Equivalently, the trace from K to Q can be used. Specifically, define the trace
form to be the matrix whose (4, j)-entry is Trg;q(bb;). This matrix equals B’ B,
so the discriminant of K is the determinant of this matrix.

Theorem 1.2.4. Let K be a quadratic field. Let m be the unique square-free integer
such that K = Q(y/m). Then, the set Ok of algebraic integers in K is given by

) :{Z+Z(\/ﬁ), ifm=23 (mod 4),

Z—i—Z(Hg/m), ifm=1 (mod 4)

Thus, an integral basis for the quadratic field Q(y/m) is [1, 6], where 6 = /m if

m = 2,3 (mod 4) and 0 = 1+§/m if m=1 (mod 4).

A simple computation also shows that the discriminant dx of K is given by

g — dm, ifm=2,3 (mod 4),
e m, ifm=1 (mod4)

Definition 1.2.7 (Fundamental Discriminant). An integer which is the discriminant
of a quadratic field is called a fundamental discriminant.

Clearly, d is a fundamental discriminant if and only if d = 1 (mod 4) and d is
squarefree, or d = 4k where k € Z squarefree such that k = 2,3 (mod 4).

There exists a unique quadratic number field for every fundamental discriminant.

Theorem 1.2.5 (Units of Imaginary Quadratic Fields). Let K be an imaginary
quadratic field and let U(Og) denote the group of units of its ring of integers Of.
Then

{£1,+i} 27y, ifK = Q(v/—1)
U(Ok) = ¢ {F1, tw, +w?} 2 Zg, ifK = Q(v/-3)
{£1} = Z,, otherwise

11



1.2.2 DVR’s and Dedekind Domains

Definition 1.2.8 (Dedekind Domain). A Dedekind domain is an integral domain
A such that

1. A is Noetherian

2. A is integrally closed

3. Every nonzero prime ideal of A is maximal
Proposition 1.2.4. Localizations of Dedekind domains are Dedekind.
Theorem 1.2.6. Ok is a Dedekind domain for any algebraic number field K.

Definition 1.2.9 (Basis of an ideal). Let K be an algebraic number field of degree
n. Let I be a nonzero ideal of Og. If {ny,...,n,} is a set of elements of I such that
every element a € I can be expressed uniquely in the form

a=x1m+...+xyn,, With zy,... 2, € Z,
then {ny,...,m,} is called a basis for ideal 1.

Definition 1.2.10 (Fractional Ideal). Let R be an integral domain, and let K be
its field of fractions. A fractional ideal of R is an R-submodule I of K such that
there exists a non-zero r € R such that I C R. Note than r[ is, by definition, an
ideal (in the usual sense) of R.

Two fractional ideals I and J are multiplied as follows. Let [ = %S and J = %T
where S and T are ideals of R, a,b € R. Define the product

1J := iST where
ab

n=1

IJ = {Zz’njn,in el j,eJme z+}

is the usual ideal multiplication.

Definition 1.2.11. The fractional ideal [ is called invertible if there exists another
fractional ideal J such that IJ = R.

A fractional ideal of R that is contained in R is called an integral ideal. In other
words, an integral ideal is the ring ideal in the usual sense.

Definition 1.2.12 (Principal Fractional Ideal). A fractional ideal I of R is called
principal if it is generated by a single element of K, i.e.

I =aR, where a € K

Theorem 1.2.7. In a Noetherian domain, every nonzero ideal contains a product
of one or more prime ideals.

12



Theorem 1.2.8. In a Dedekind domain A, every integral ideal other than 0 and A
s a product of prime ideals, and this factorization is unique.

Theorem 1.2.9. The set of all nonzero integral and fractional ideals of a Dedekind
domain A forms an Abelian group with respect to ideal multiplication (with the empty
product being equal to A). The identity element of this group is A and the inverse
of an ideal I =1];_, P/ where Py,..., P, are distinct prime ideals, and a; € Z is

[71 — ﬁPi—ai
i=1

Theorem 1.2.10. Let K be an algebraic number field. Let O be its ring of integers.
Then, the set of all nonzero integral and fractional ideals of Ok forms an Abelian
group I1(K) with respect to multiplication.

Let P(K) denote the subgroup of principal ideals in (K).
Definition 1.2.13. The ideal class group H(K) of K defined as the quotient group

_ 1K)
U= px)

It will be proved later that the ideal class group I(K) is finite for any algebraic
number field K.

Definition 1.2.14 (Class Number). The class number h(K) of K is the order of
the ideal class group, i.e.

h(K) = o H(K))

Theorem 1.2.11. Let K be an algebraic number field. Let O be its ring of integers
and h(K) be its class number. Then, h(K) =1 < Ok is a PID < Ok is a UFD.

13



Chapter 2

Binary Quadratic Forms

In this chapter we state a number of results without proof. The detailed proofs may
be found in the reference [4].

2.1 Introduction

Definition 2.1.1 (Binary Quadratic Form, Primitivity). A binary quadratic
form (BQF) is a degree two homogeneous polynomial in two variables.

An integral binary quadratic form is a BQF with integer coefficients. It looks
like

flz,y) = az? + bry + cy?
where a,b,c € Z

Definition 2.1.2 (Primitive Form). The integral binary quadratic form f is called
primitive if a, b and ¢ have no common factor.

It will be shown that for d # 0, the ideal class group of Q(\/E) is isomorphic
to the “class group” of integral binary quadratic forms of discriminant d, which
constitutes equivalence classes of binary quadratic form, under a certain equivalence
relation.

Definition 2.1.3 (Equivalence of BQF’s). We say that two binary quadratic forms
f(z,y) and g(x,y) are equivalent if there exist p,q,r, s € Z such that ps — rq = £1
and

9(x,y) = f(pr + qy. rz + sy)
f and ¢ are said to be properly equivalent if ps — rq = 1, and this notion is used

more often. Commonly, equivalence refers to proper equivalence.

We may define an action of SLy(Z) on the set of all integral binary quadratic
forms by

Ax f = f(pr+ qy,rz + sy)

for an integral binary quadratic form f where

14



A= (f z) € SLy(Z)

Clearly, two integral BQF’s are (properly) equivalent if and only if they lie in
the same orbit of the above action.

Proposition 2.1.1. Fquivalence and proper equivalence indeed define equivalence
relations on the set of integral BQF’s.

Definition 2.1.4 (Representation of Integers by BQF’s). An integral BQF f(z,y)
is said to represent an integer a € Z if there exist integers xg,y9 € Z such that
f(zo,y0) = a. The representation is called proper if xy and y, are co-prime.

Proposition 2.1.2. Two equivalent forms represent the same numbers.

Proposition 2.1.3. Let a € Z. Then f(x,y) properly represents a if and only if
f(x,y) is properly equivalent to the form g(x,y) = ax?+bxy+cy?® for some b,c € Z.

Definition 2.1.5 (Discriminant). The discriminant D of a BQF f(z,y) = az? +
bry + cy? is defined as D = b?> — 4ac. If D > 0, the form f is called indefinite. If
D <0, f is called definite.

Proposition 2.1.4. If a is positive, the definite form f(x,y) = azx* + bry + cy?
represents only non-negative integers, and is called positive definite. If a is negative,
the definite form f(z,y) = ax®+bxy+ cy® represents only non-positive integers, and
is called negative definite.

Proposition 2.1.5. The discriminant is invariant under the equivalence relation
defined above.

Proposition 2.1.6. An odd integer M is properly represented by a primitive form
of discriminant D if and only if D is a quadratic residue (mod 4).

2.2 Reduction of primitive positive definite forms

Definition 2.2.1 (Reduced primitive positive definite forms). A form f(z,y) =
ax? + bxy + cy? with discriminant D = b% — 4ac is reduced if

b <a<e¢ andb>0ifa=cor b =a

Theorem 2.2.1. Every primitive positive definite form is properly equivalent to a
unique reduced form.

The proof of this theorem involves two steps. The first one shows the existence of
a reduced form equivalent to any given positive definite primitive form. The second
shows the uniqueness of this reduced form

Step 1. Any positive definite primitive form is equivalent to a reduced form.

Step 1 is further divided into two steps: (A) and (B).

15



Step 1 (A). Any given form is properly equivalent to a form satisfying |b| < a < ¢

Proof. Among all forms properly equivalent to f, pick f(z,y) = az? +
bry + cy? such that |b| is minimal. If a < |b], then

=13 1) ()

= [z +my,y)
= a(z + my)? + b(z + my)y + cy?
= az® + (b + 2am)zy + (am® + bm + c)y?

g is equivalent to f for any m € Z.
Since a < |b|, we can choose m € Z such that |2am + b| < |b], a contra-
diction to the choice of f. So, we must have a > 0.

e If ¢ < |b], then

g(wy): =1 [@ (1)) (y)]

= f(z,mz +y)
= ax? + bx(mz + y) + c(mx + y)?
= (a+bm + em?)x + (b + 2me) + cy?
Since ¢ < |b|, we can choose m € Z such that |2mc + b| < |b|, which
is a contradiction to the choice of f. So, ¢ > |b|.
Thus, |b] < a and |b] < c.
e If a > ¢, we need to change the outer coefficients, which is accom-

plished by the proper equivalence (z,y) — (—y, ) |i.e. the transformation matrix

Therefore, |b] < a < ¢ is achieved.

[
Step 1 (B) Any form f with |b| < a < ¢ is properly equivalent to a reduced form.

Proof. The form f(z,y) = ax® + bzy + cy?, |b] < a < ¢ is reduced unless
b<0and (a=cora=-b).

In these cases, ax® — bzy + cy? is reduced. So, we only need to show that
the forms f(z,y) = ax® +bxy+ cy* are properly equivalent in these cases.

o [fa=-b,
the matrix (é 1) provides the required equivalence.
o [fa=c,

-1
the matrix ((1] 0 ) provides the required equivalence.

16



Step 2. Uniqueness of the reduced form.

We need to prove that different reduced forms cannot be properly equivalent.

Claim: The outer coefficients of a reduced form give the minimum values
properly represented by any equivalent form. The three smallest values taken
by the form f(z,y) = ax® + bxy + cy? are a, ¢, and a — [b] + c.

Proof. If f(xz,y) = ax® + bxy + cy?, |b| < a < ¢, then

flz,y) > ax? — bl min(2?, y?) + cy?
= f(z,y) > (a — |b| + ¢) min(z*, y*)

So, whenever xy # 0, f(z,y) > a — |b| + ¢ > ¢. Thus, the smallest nonzero
value of f(z,y) is a, at (+(1,0).

So, the smallest nonzero value of f(x,y) (at £(1,0)) is a. Further, if ¢ > q,
then c is he next smallest number represented by f (at £(0,1)).

Further, if ¢ > a, c¢ is the next smallest number represented properly by f(z, )
(at £(0,1)). O

Proof of uniqueness:

Case 1. |b| < a < c.

As per the claim above, the three smallest numbers represented properly
by farea <c¢<a—|bl+c.

Let g(z,y) be a reduced form equivalent to f(x,y). Then, f and g are
reduced and represent the same numbers. So, f and g have the same
minimum value represented, i.e. a. We can assume that g(z,y) has a as
the coefficient of x2.

Let g(x,y) = ax?+bzy +y?. We know a = a’ < ¢ because ¢ is reduced.
If a = ¢, then g(z,y) = a has four proper solutions, namely +(1,0),
+(0,1). But, f = g. This is a contradiction because f(z,y) = a has
precisely two proper solutions, +(1,0). So, a < ¢.

Now, a,c are the smallest values of the form ¢ and a, ¢ are the smallest
values of the form f. Thus, ¢ = ¢/. Since f and g also have the same
discriminant, we have b’ = +b and so g(z,y) = ax? & bxy + cy?.

It remains to prove that f(z,y) = g(x,y) when f is properly equivalent
to g.

Let

g(z,y) = f Kp q) (x)] = f(px + qy,rx + sy)

ros)\y
where ps —qr =1

We have a = ¢(1,0) = f(p,7), ¢ = g(0,1) = f(q,s) (proper representa-
tions).
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So, (p,r) = +(1,0), (¢,s) = £(0,1). Since ps —qr =1,

P q 10
[ 1)-=60)
Thus, f(z,y) = g(z,y).
Case 2. |b| =aora=c (sob>0)
The argument in case 1 breaks down because a < ¢ < a — |b| + ¢ are no
longer distinct.
Case 2(A). a# cand |b| =a
Here, we must have a < cand b > 0, so b = a, and since f and g have
the same two smallest values, ¢ = ¢. Moreover, the two forms have
the same discriminant, so b = +b' Now, a = ¢(1,0) = f(p,r), ¢ =
g(0,1) = f(q,s). Thus, (p,r) = +(1,0); (¢,s) = £(0,1), ps —qr = 1.
P q 10
50, r os) + 0 1)
Thus, f(z,y) = g(z,y).
Case 2(B). a = c and |b| # a
Again, b > 0.
Here, « = ¢ < a—1|b|+¢ = a—0b+ ¢ = 2a — b are the smallest
two values of f. The smallest two values of ¢ are a and ¢. Thus,

¢ =2a—b.
B —da® =" — dac
. 4a(2a — b)
—b? — 8q2 + 4ab

= 02— b7 = dab — 44

We have g(z,y) = f Kf Z) @]

ar’ +bay + 'y’ = f(pr + qy.re + sy)

Thus a = ¢(1,0) = f(p,r) = f(q,s), so (p,r) = £(1,0) or +(0, 1),
and (gq,s) = £(0,1) or +(1,0).

10 0 1
o, (73 == (0 1) o (7 2) == (5 o)
So, g(z,y) = f(z,y) or f(y,—z) or f(—y,x), so g(z,y) = ar® —bry+
ay? or azx® + bry + ay?, so b = +b. But, b > 0 and g is reduced, so
b =b.
Thus, f =g.
Case 2(C) a=|b| = ¢
We have b > 0,s0a=b=c

9(z,y) = f(pr+qy, ra+sy) = a[(pr+qy)°+(pr+qy) (re+sy)+(ro+sy)?]

So,
a=g(1,0) = f(p,r) = a(p® + pr +r?)
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a=g(0,1) = f(q.5) = a(¢® + ¢s +¢*)
a=g(1,-1)=f(p—q,r—5)
=a(p®+q¢* —2pq+ 1>+ 5> = 2rs + pr —ps — qr + qs)
= alz® +y* + 2y
Thus,a=a',a=0b,a=c andso f(z,y) = g(x,y).

Algorithm to Reduce Primitive Positive Definite Forms

Let f(z,y) = ax® + bxy + cy?

Step 1. If a > ¢, f ~ g = ca® — bxy + ay? via ((1) 0

) Thus, we may assume

that ¢ > a.
Step 2. If |b| > a, then f ~ g, where

se=11(5 1) ()

= f(z+my,y)
= %2 + (2am + b)zy + ¢y
Let b = 2am + b, b? — 4ac = D so that ¢ = bli;D.
Choose m such that [2am +b| < |a| (m >0if b >0, m < 0if b <0).
Then, g satisfies \b/ <d =a.
Repeat steps 1 and 2 till \b'\ <d=a<c.
Step 3. If || = aor a = cand b’ < 0, then the required reduced form is
az? — by + cy?. Else, g is already, by definition, in reduced form.

The algorithm terminates in a finite number of steps because the number of
positive definite forms of a given discriminant is finite, since we have D = b — 4ac,
¥ < a? <ac, D = b* — 4ac < —3a, so ac < —%, thus, there are finitely many
choices for ac, and |[b] < a < ¢ (recall that each of them is an integer).

2.3 Reduction of primitive indefinite forms

Definition 2.3.1. A primitive indefinite form of a nonsquare discriminant D > 0

is reduced if
‘2|a|—\/5‘ <b< VD
This is equivalent to D = b* — 4ac,
0<b<VD

and

la| + |¢| < VD

The latter equivalent definition of reduced forms shows that the number of in-
definite forms of a given discriminant is finite.
The next theorem is stated without proof.
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Theorem 2.3.1. Let [ be a reduced indefinite form. Then, there exists n > 1 such
that the reduced forms equivalent to f are precisely

where
p: Formy(d) — Form,(d)

15 the reduction map.

2.3.1 Algorithm to Reduce Primitive Indefinite Forms

1. Let f = [a,b,c] be an indefinite primitive form with discriminant D > 0
(nonsquare). If f is reduced, terminate the algorithm.

2. Let b € Z be such that b = —b (mod 2)c, i.e. find m € Z such that b =
—b 4+ 2mc and

o —|c <b < if e >vD
e VD —2|c| <b <VDif|c|] <D

/ _
.C:b4cD

3. Continue the algorithm with the neighbour p([a, b, c]) = [¢, b, ]

Theorem 2.3.2. The indefinite form reduction algorithm terminates in a finite
number of steps.

Sketch of proof. Let [ag, by, co] be an indefinite form of discriminant D > 0. It
can be shown, in a manner similar to the definite case, that at every step ¢ > 1 of the
above algorithm, either the neighbour [a;, b;, ¢;] is reduced, or it satisfies |¢;| < |c;—1].
Since ¢; € Z, the process terminates with at most |¢;| iterations. In this case,
uniqueness need not hold.

2.3.2 Algorithm: Determination of a complete set of rep-
resentatives of SLy(Z)-equivalence classes of indefinite
forms with given discriminant D > (0

1. Determine the set R of all reduced forms [a, b, ¢] of discriminant D by using
the fact that |a| + |c| < v'D, 0 < b < /D, b*> — 4ac = D

2. For each reduced form f, compute p™(f), n > 1, until obtaining a cycle

{f.0(F) N (), PN T ) = f}. (p denotes the map of the reduction al-
gorithm). Remove p’(f) from R for 1 << N.

3. R is a complete reduced set of representatives of SLy(Z)-equivalence classes
of indefinite forms with discriminant D.

20



2.4 The Form Class Group

Definition 2.4.1 (Principal Forms). We define the principal forms as

2?2 — Ly if D=0 (mod 4)
?+aoy+ 52y D=1 (mod4)

Let C]j (d) denote the set of equivalence classes of properly equivalent primitive
(positive definite if d < 0) BQF’s of discriminant d.

Once it is established that the ideal class group is isomorphic to C7(d), we will
have proved that the ideal class group is finite.

Lemma 2.4.1. Assume that f(z,y) = ax®+bry+cy® and g(x,y) = d' 2>+ zy+y?
have discriminant D and satisfy ged(a,a’,"=2) = 1 (since b and ¥ have the same

2
parity, b+Tb/ € Z). Then, there is a unique integer B modulo 2aa’ such that

B=b (mod 2a)
B=1V (mod 2d)
B*=D (mod 4ad’)

Definition 2.4.2 (Dirichlet decomposition). Given primitive positive definite forms
f(x,y) = ax® + by + cy? and g(z,y) = a'z? + Vxy + dy* with discriminant D < 0
and ged (a, a, b+Tbl) = 1, the Dirichlet decomposition of f and g is given by

B? — Do

F = ad'2® + B
(z,y) = ad’'x” + By + tad

where
B=b (mod?2a), B=b (mod2d), B>=D (mod 4ad’)

Proposition 2.4.1. Given f(z,y) and g(z,y), the Dirichlet decomposition F(z,y)
1S a primitive positive definite form of discriminant D.

Theorem 2.4.1. Let D = 0,1 (mod 4) be negative. Let C;f (D) be the set of classes
of primitive positive definite forms of discriminant D. The Dirichlet composition
induces a well-defined binary operation on CF(D) which makes Cf (D) into a finite
abelian group whose order is the class number h(D). Furthermore, the identity
element of Cf (D) is the class containing the principal form

2?2 — Dy? when D =0 (mod 4)
a? + oy + L2y when D=1 (mod 4)

and the inverse of the class containing the form ax® + bxy + cy? is the class ax® —
bry + cy?.

Cr(D) is called the form class group.
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2.5 Primes represented by forms

Proposition 2.5.1. For d = 0,1 (mod 4) and ged(n,d) = 1, n is properly rep-
resented by a principal form of discriminant d if and only if d is a square modulo
4n.

Proof. We have ged(n, d) = 1. Since n is represented by a form f of discriminant d,
by Proposition 2.0.3, we must have f = f = [n,b,¢|, b,c € Z,

d=A(f) =b*—4nc=0* (mod 4n)

Conversely, let n be an integer co-prime to d, and suppose that there exists b € Z
such that d = b* (mod 4n), so there exists ¢ € Z such that d = b> — 4nc. Then, the
form [n, b, ] has discriminant d and properly represents n. Moreover, it is primitive,
since if e | n, b, ¢, then e | D, so e = £1, since ged(n,d) = 1. ]

In the above proof, in the case when d = 0 (mod 4), the condition is reduced
to d being a square modulo n. [This requires proof only in the “if” case. Suppose
D =b* (mod m). Let b’ = b, if b is even, and b’ = b+ m, if b is odd.

Then D = b (mod m), and, since m is odd and D = 0 (mod 4), D and b are
both even. This means that D = b2 (mod 4)m (4 divides both D and b'2/ So,
D = b* — 4mc for some integer c. So, we have the form f(z,y) = ma® + bxy + cy?,
which is of discriminant D, properly represents m, and is primitive, since m and D
are co-prime.

When hf(d) = 1, all forms are mutually equivalent and since equivalent forms
properly represent the same integers, this criterion lets us know when an integer is
represented by a given form.

Corollary 2.5.1. Let n be an integer and p be an odd prime that does not divide n.
Then p s represented by a primitive form of discriminant 4n if and only if (‘Tf‘) =1.
Proof. Note that a primitive form represents a prime p if and only if it properly
represents p. Now, (%‘”) = (%”)(%)2 The result follows from the previous theorem

and the discussion following it.
O

Proposition 2.5.2. [fn=1,2,3,4,7, p # n is an odd prime, then p is represented
by 2% + ny? if and only if (‘Tf‘) =1.

Sketch of proof. We have seen that p is represented by a form of discriminant 4n,
where ged(p,n) = 1 if and only if (=*) = 1. It is clear that the form 2° + ny® has
discriminant —4n and represents p whenever (—*) = 1. It only needs to be shown
that in the cases n = 1,2,3,4,7, the only form classes with discriminant —4n are
x? + ny?®. This is done by calculating all the reduced forms [a, b, ¢] of discriminant
—4n for each of the given n, using the reduced criteria |b] < a < \/TE. For example,
in the case n = 2, we have |b| < a < \/Tg < 2. Since 1 —4c¢ = —8 has no integer
solutions, we must have b = 0, a = 1, ¢ = 2, so that the only reduced form of
discriminant -8 is 22 + 232

The other cases are argued out similarly.

The case n = 1 gives Fermat’s two squares theorem: An odd prime p can be

expressed as a sum of two squares if and only if p =1 (mod 4).
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Chapter 3

The Picard Group and Narrow
Picard Group

In this chapter we state a number of results without proof. The detailed proofs may
be found in the reference [4].

3.1 Orders

Definition 3.1.1 (Order). An order in a number field K is a subring O C K
containing 1 such that

1. O is a finitely generated Z-module

2. O contains a Q-basis of K

1 implies that O contains any order of K, 1 and 2 imply that O is a free Z-
module of rank 2, 2 implies that K is the field of fractions of @. Thus, O itself is
an order, and contains all other orders. It is called the maximal order of K.

To describe orders in quadratic fields more explicitly, the maximal order can be

written as follows
. dx + V/dj

Ok = [1>WK]> WK 5

where dy is the discriminant of K.

Lemma 3.1.1. Let O be an order in a quadratic field K of discriminant dy. Then,
O has finite index in O, and if we set f =[Ok : O], then

O=Z7Z+ fOx =11, fQxk]

dr+vdg
2

where wg =

Definition 3.1.2 (Conductor). The number F' = [Ok : O] is called the conductor
of the order O.
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Definition 3.1.3 (Discriminant of an order). An order O admits an integral basis
of K, so we can define the discriminant of O as the square of a 2 x 2 determinant
with rows being the integral basis under the two automorphisms of the field K, in
the same manner as we described the discriminant of Og.

Proposition 3.1.1. The discriminant of an order O of conductor F is F?d.

Proof. In the same way as for O, we can show that the discriminant of O is inde-
pendent of the basis used, and, calculating it using the basis [1, fwg]|, where {1, wg }
is an integral basis of O, gives the discriminant D = f?d. n

3.2 Ideals of Orders and Invertibility

Definition 3.2.1. Let O be an order in K. A fractional ideal a of O is proper if
O={re K:zaCa}.

Fact: All ideals in Ok are proper.
Notation: [z,y]| := Zx + Zy

Lemma 3.2.1. Let O be an order in K, 7 € K be of degree two with minimal
polynomial azx® + bz + ¢ € Z[z]. Then,

1. O =[1,a7] is an order in K, a = [1,7] is a proper fractional ideal of O.
2. If « is proper, then © = O

Proposition 3.2.1. Let O be an order in K, « be a fractional ideal of O. Then, «
is invertible in O if an only if it is proper. The inverse in this case is given by

N(a)
where o' is the conjugate ideal of , i.e.
o ={z' :ze€a}cO

Proposition 3.2.2. Let K be a quadratic number field, Ok be the ring of algebraic
integers in K. Let f > 0 be a positive integer. Then there exists a unique order
R of K such that f is the order of the group %‘. Moreover, the discriminant of
R is f2d, where d is the discriminant of K. Conversely, if R is an order of K, its

discriminant is f2d for f >0 and where f = [Of : R]

Note that the proof of this proposition involves the result that states that the
quotient of two free abelian ranks of the same rank is finite, which, in turn, is proven
using the Stacked bases theorem, or using results from Lattice theory.

Definition 3.2.2 (Alternate definition of fractional ideal norm). Let I be a frac-

tional ideal of an order R. We define N(I) = [R : I] where the right hand side is
defined as usual.
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Proposition 3.2.3. Let I be a fractional ideal of an order R. Let v be a nonzero
element of K. Then, N(yI) = |N(v)|N(I)

Proposition 3.2.4. Let I be a fractional ideal of an order R. Let oy, o, . ..o, be a
Z-basis of I. Let 0y, ...0, be a Z-basis of R. Suppose a; = Xja;;0; fori=1,2,...,n
Then,

N([) = det(aij)

Proposition 3.2.5. Let I and J be fractional ideals of R, J C I. Then,

J

Il N(J)
- N(D)
Hence, if K is an algebraic number field of degree n and R is an order of K with
fractional ideal I, the norm of I is defined as follows:

There exists a € R, an ideal J of R such that

N(I) == where N(J) = '?‘

3.3 Picard Groups and Class Numbers

Let d € Z be a fundamental discriminant, K be a quadratic field of dscriminant d,
and O be an order in K.

Definition 3.3.1. The Picard Group of O is

Pic(0) = %

where J(O) is the group of invertible fractional O-ideals and P(O) is the group of
principal O-ideals.

Definition 3.3.2. The Narrow Picard Group of O is

_ JO)
- P(O)

Pict(0)

where J(O) is the group of invertible fractional O-ideals and P*(O) is the group of
principal O-ideals with generator of positive norm.

When O = Ok, Pic(O) is the ideal class group Cl(d) of cardinality h(d), the

class number.
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3.4 Narrow Picard Groups

If d < 0, all norms are positive. So, the Picard group and the Narrow Picard
group are the same for all orders. However, in the real case, we will establish a
correspondence with a narrow Picard group.

Let O be an order in a real quadratic field K with discriminant d. By the third
isomorphism theorem,

J(O) ., J(O)/PF(O)  Pic"(0O)

Picd0) = 5@) = o)/ P (0) ~ Pl0)/P ()

where J(QO) is consists of invertible fractional ideals of O, P(Q) consists of principal
fractional ideals of O, and P*(O) € P(O) consists of principal fractional ideals of
O with generator of positive norm.

Lemma 3.4.1.

Proof.

|Pic(O)| if O* has an element of norm -1, and

Pict(O)] =
|Pic™(O)| { |Pict(O)] = 2|Pic(O)| otherwise
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Chapter 4

Associating Binary Quadratic
Forms and Ideals

We use the symbol f to denote the equivalence class of the form f under the equiv-
alence relation described in Chapter 2, and the symbol I to denote the equivalence
class of the ideal I € J(O) in the group Pict(O) = 15{5%) In this chapter we state a
number of results without proof. The detailed proofs may be found in the reference

[4].

4.1 Associating Binary Quadratic Forms to Ideals

Let K be a quadratic number field and O be an order of conductor F' > 1.

Recall that every ideal of an order in a quadratic field is a free abelian group of
rank 2.

Lemma 4.1.1. Let I be a fractional ideal of O. There exists x € K* such that
I+ FO =0

Proposition 4.1.1. Let I be an invertible ideal of O with the choice of an ordered
Z-basis («, ). Then
N(azx + By)

N(a)
is a primitive binary integral quadratic form of discriminant F?dg. Moreover, it is
positive-definite when di < 0.

fl,(a,ﬁ) (I7 y) =

Note that the above definition depends upon the choice and order of the Z-basis
for the ideal. We now introduce the concept of “correctly ordered bases”, such that
two different choices of correctly ordered bases yield equivalent forms.

Proposition 4.1.2. Let I be an ideal of an order O in K. Then, % s finite. We
call its cardinality the norm N(I) of the ideal. Then,

1. For allz € O, N(zO) = |N(z)|
2. For all invertible ideals I, J,
N(IJ)=N(I)N(J)
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3. If (x1,...,2,) is a Z-basis of an ideal I in O, then

D(xy,...,x,)

N(I)* = 2,

So for the case n=2, we have

= (af — Ba') = £N(I)F\/dg
af — fa’
T Vi

This allows the following definition.

€ R"UR"

Definition 4.1.1. Let O be an order of K, and [ and ideal in O. A correctly
ordered basis (a, 3) of I is an ordered Z-basis of I such that

aff —a'p
Vi

Any ideal of O admits a correctly ordered basis, since permuting the elements of a
basis that is not correctly ordered gives a correctly ordered basis. By the description

of orders in a quadratic field, the order of conductor F' > 1 has the correctly ordered
basis (%, F).

G R>0 U iR>0

4.1.1 Two Correctly Ordered Bases Produce Equivalent Forms

Proposition 4.1.3. Let O be an order in K, I be an ideal of O. Any two correctly
ordered bases of I are equivalent under the action of an element of SLy(Z). Con-
versely, the natural action of an element of SLy(Z) on a correctly ordered basis of I
viewed as an element of I x I gives another correctly ordered basis.

Proposition 4.1.4. Let O be an order in K, I be an ideal of O with two correctly
ordered bases (a, B) and (9,7). Then, f1 () and fr(s) are properly equivalent.

Finally, we shall have that two equivalent ideals give equivalent classes under the
restriction that this equivalence is in the Narrow Picard group.

Proposition 4.1.5. If I, J are two ideals in an order O of K that are equivalent
in Pict(O), then fr = f;.

Thus, up to equivalence, the form obtained from an ideal does not depend on
the choice of a correctly ordered basis nor on ideal equivalence.

Proposition 4.1.6. Let I, J be ideals of order O in K. If f;, f;, then I = J.
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4.2 Associating Ideals to Binary Quadratic Forms

Let O be an order of conductor F' > 1 in a quadratic field K of discriminant dg.
In the previous section, we showed that there is an injection from Pict(O) to
C.f(d) with d = F?Dg. We now prove that this map is onto and find its inverse.

Proposition 4.2.1. Let f = [a,b,c| be a primitive binary quadratic form of dis-
criminant d = F%dy with dg a fundamental discriminant and let K be a quadratic
form of discriminant di . Suppose that f is positive definite if d < 0. Then,

Iy = {)\a,)\ (—b_“’;mﬂ

with
\_ 1ifa>0 and
B F+\/dy otherwise

15 a fractional ideal of the order of conductor F' in K, such that f[f = f. Moreover,
the fractional ideal Iy is invertible if f is primitive.

Corollary 4.2.1. If f and g are two equivalent primitive forms, then Iy = I,.
We may summarize all the results obtained in the following theorem:

Theorem 4.2.1. Let d € Z, d = 0,1 (mod 4), d = F?dg, with di a fundamental
discriminant. Let K be a quadratic field of discriminant di, O an order of conductor
F'. There exists a bijection between Pict(O) and CJf(d). The bijection is given as
follows by ¢ and its inverse by 1.

¢ : Pic™(O) — C;(d)

Y : Cf (d) — Pic™(0)

If I is an ideal class of Pic™(O) and («, B) is a correctly ordered basis of any
ideal of O contained in I,

[N(az + By)]

on) = o ¢ ora)
If f =la,b,c] is a class of Cp(d), let
o) = [ VIV ¢ pien (o)

p-Yp=1-dp=1 e ¢l =9
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Chapter 5

Using the two points of view

5.1 Gauss composition law and the group struc-
ture

Definition 5.1.1 (Gaussian Composition of Forms). Suppose we wish to compose
forms fi = A2? + Biaxy + Ciy? and fo = Asx? + Byxy + Coy?, each primitive and
of the same discriminant D. We perform the following steps:

1. Compute B = 2482 and e = ged(Ay, Ay, B), and A = 412,

2. Solve the system of congruences

r=B; (mod 241)
=B, (mod 242)

By =LiBilB (mod 24)

It can be shown that this system always has a unique integer solution modulo
2A. We arbitrarily choose such a solution and call it B.

3. Compute C such that D = B? — 4AC. It can be shown that C' is an integer.
Then, Axz? + Bxy + Cy? is the composed form. It turns out that this compo-
sition respects proper equivalence and makes the set of classes of forms into a
finite abelian group.

It turns out that this definition is equivalent to the composition of form classes
that is obtained by identifying them with ideals in the narrow Picard group of the
corresponding quadratic field.

For any d = 0,1 (mod 4), the set C,f(d) is in one-to-one correspondence with a
narrow Picard group of a quadratic field, so it can be endowed with the structure of
an abelian group.

Let d = 0,1 (mod 4) be an integer and write d = F2d with dx a fundamental
discriminant, F' > 1. Let K be a quadratic field of discriminant dg, O = Z + FOg
its order of conductor F. The group law x induced on C,f (d) is explicitly given by

gxh=o((g)v(h)
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(. h € Cf(d)), with
Y : CF(d) — Pic™(O)

¢ : Pic™(O) — Cf(d)
(¢ is the inverse of 1))

w(la, b, d) = [M,A (ﬂ)}

with A =1 if a < 0, A = F'\/dk otherwise. And

o(1) = NerB ¢ ¢ (a)

where (a, 3) is a correctly ordered basis of I.
The identity element of C;f(d) is given by ¢(O). The inverse of g € C,7(d) is

v(g)
(5
Thus, by construction,

as finite abelian groups.

It is easy to check that a correctly ordered basis of the O-ideal O is

F{FJ) if de =2,3 (mod 4)

P 1) ifdg=1 (mod 4)

Thus, the identity element of CF(d) is

N(@Xﬂf

(b(O) = - NO) if dK = 2,3 (mod 4), and
N(F—1+\2/EX+Y

$(0) = NO) ifdge =1 (mod 4), ie.

H(O) = (%,O, 1) , if dg =2,3 (mod 4),
(=<)F2 F1), ifde =1 (mod 4)

We now compute inverses. We use the fact that the inverse of the class of an ideal
I is simply given by the class of I'. Recall that if f = la, b, ] is a primitive binary
quadratic form of discriminant d = F2dy, with djx a fundamental discriminant and
K a quadratic field of discriminant dg. f is positive definite if d < 0. The ideal

corresponding to f is

_ AN
T — {)\a, AM}

2
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(where A = 1 if a > 0 and A = F'\/df otherwise), which is a fractional ideal of the
order of conductor F'in K. So, f;, = f. Moreover, Iy is invertible if f is primitive.
By the calculations,

la, b, ] Lo [e,b,a] = [a,—b, ]

which is reduced when [a, b, ¢] is reduced.

5.2 Explicit Determination of Picard Group

We need to calculate the number of classes of forms of discriminant d. This is equiv-
alent to calculating the number of non-equivalent reduced forms with discriminant
d. We need [a,b, c] with b*> — 4ac = d, B> < a®> < ac d = b* — 4ac < —3ac. So,
ac < —%. Also, d + 4ac = b*> > 0, which means that ac > —f—f, and d + 4ac is a
perfect square.

Summarising, we may use the following facts to calculate C;f (d)

>

<ac< —

wia,

e d + 4ac is a perfect square.

5.2.1 Computing the Picard Group for d = -47

Here,

47 47
— < ac< —
4 — - 3

and d + 4ac = —47 4 4ac is a perfect square.

11 < <16

So, 11 < ac < 16. We check the values of —47 + 4ac for each of the possible
values of ac.

e ac =11 —47 + 4ac = —3, which is not a perfect square
e ac =12 —47 4 4ac = 1, which is a perfect square

e ac = 13 —47 4 4ac = 5, which is not a perfect square
e ac = 14 —47 4 4ac = 9, which is a perfect square

e ac =16 —47 + 4ac = 17, which is not a perfect square

Thus, ac = 12 or 14 The corresponding values of b must satisfy b? — 4ac = —47,
or B> —48 = —47 = b= %1, and b* — 56 = —47 = b = £3

Case: b= =+1,ac = 12 The forms are:
[1,1,12], [2,1,6], [2,—1,6], [3,1,4], [3,—1,4]. (Note that [1,—1,12] is not reduced)
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Case: b = £3,ac = 12. Since the only factorizations of 12 are 1-12, 2 -6, and
3 -4, none of these possibilities for a and ¢ along with b = +3 gives a reduced form.

Thus, there are only 5 reduced forms of discriminant -47, i.e. |Cf(d)| = 5. We
now give the correspondence between Cl(—47) and Cf (—47).

Let K = Q(+/—47) be the quadratic field with discriminant -47. Note that F' =1
here.
—47 =1 (mod 4), so a correctly ordered Z-basis of Ok is

()

The class of O in Cl(—47) corresponds to the identity element in C*(—47), which

is [F2l=te pi1) = [H201,1] = [12,1,1] = [1,1,12].

The ideal associated to the class [2, 1, 6] is

(55

and so [2, 1, 6] is associated to the ideal [2, 1+V2_47].

[3,1,4] is associated to the ideal [3’ 1—%?7}

3, —1,4] is associated to the ideal [3, Z4=].
Thus, we have systematically determined a complete set of representatives of the
ideal class group. This group is

- - = e - Z
(1256 - o o 22 2], o ] s =

5.2.2 Computing the Picard group for d = 12

d=12=0 (mod 4)
For positive d, a form ax? + bzy + cy? is reduced if and only if

| fal + el |< Vd

and
0<b<\/3

Here, that means |a| + |¢|] < 2V/3, so |a| + |¢| < 3 (since they are integers) and
0<b<3, (d="b*—4ac)

We cannot have a or ¢ equal to 0, since 12 is not a perfect square. The possibilities
are: a = +l,c==+1l,a=42,c=42,a=Fl,c=42. Also, 1 =12—-4-2=4=
b =2 But, |a|] = |¢| = 1 gives b = £+4, which is not possible by the second condition.
Arguing similarly, we find that the reduced forms are:

2,2, —1],[-2,2,1],[1,2, 2], [ 1,2,2.
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Applying the reduction algorithm to [—2,2, 1], we get that the cycle associated
to [—2,2,1] is
[—2,2,1] = [1,2,-2] — [-2,2,1]

Similarly, the cycle associated to the cycle associated to [—1,2,2] is
[—1,2,2] = [2,2,—1] — [-1,2,2]

Thus, a complete set of reduced representatives of C; (12) is given by [—2,2,1].

Now, 12 is the fundamental discriminant of the field Q(v/3). So, here F' = 1.
As before, we compute the ideals associated to the form classes above, to find that
[—2,2,1] corresponds to the ideal [2,1 — /3] and [—1,2,2] corresponds to the ideal
[1,1 — v/3]. Also, O has no element of norm -1, since the equation a® — 3b*> = —1
has no integer solutions. (To see this, consider both sides modo 4, a? and b* may be
Oor1l (mod4)). So, the Picard Group (here, the ideal class group) of Ok is the
trivial group. Thus, the class number of the field Q(v/3) is 1.

5.3 Class numbers

The Class Number Problem: We are interested in the following questions:

1. Do there exist infinitely many d = 0,1 (mod 4) such that hs(d) = 17 (Class
number one problem)

2. More generally, do there exist infinitely many d = 0,1 (mod 4) such that
hy(d) = n for given n > 1? Can an efficient way to find them be given?

3. What is the asymptotic behaviour of hs(d) with d = 0,1 (mod 4)?
Gauss’s conjectures:
1. h(d) - 00 as d - —©

2. Class number = 1 for d = -3, -4, -7, -8, -11, -12, -16, -19, -27, -28, -43, -67,
-163. There are no other negative discriminants with class number one. (This
has been proven, and is known as the Baker-Heegner-Stark theorem [5])

3. There are infinitely many positive discriminants with class number 1 (Open
problem).

Class number problem for negative d

Theorem 5.3.1 (Baker-Heegner-Stark [5]). For d < 0, we have h¢(d) = 1 &
d=—1,-2 —3,—4,—7 —11,—19, —43, —67, —163.
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5.3.1 Units, automorphisms, Pell’s equation

Theorem 5.3.2. Let d be a form discriminant and g € Form;(d), the group of
all equivalence classes of positive definite forms of discriminant d, if d < 0 and
of all indefinite forms if d > 0. Let us write d = F?dyg with dg a fundamental
discriminant of a quadratic field K, F > 1. Let O be the order of K of conductor
F. Then, there is an isomorphism between Aut(g) and O*.

Determining the group of units turns out to be equivalent to solving Pell’s equa-
tions 22 — ny? = 1.

Proposition 5.3.1 (Units in Imaginary Quadratic Fields). The group of units O*
of an O of an imaginary quadratic field is given by

Z/A7  ifd=—1,F=1
O*={7Z/6Z ifd=—3F=1,
Z/27  otherwise

Proposition 5.3.2 (Units in Real Quadratic Fields). The group of units O* of an
order O of a real quadratic field is given by

0"~ 7/2Z x Z

5.4 On Gauss’s Class Number Problems: Some
Computations

In this section, we follow the notational convention of Daniel Shanks’s 2010 paper,
[6], which will serve as a reference. Let h(A) (or simply h, when there is no confu-
sion) denote the class number of a binary quadratic form (or equivalently, quadratic
number field) of discriminant —A. We use the notation Au?+ Buv+ Cv? for a form.

We distinguish between the discriminant —A = —4AC + B? of the form Au? +
Buv+Cv? and the determinant —D, used in Gauss’s (equivalent) formulation, given
by D = AC — B2, of the form Au? + 2Buv + Cv?.

Lemma 5.4.1. I[f A=8k+3 (k> 0), then we have
h(—4A) = 3h(—A)
Lemma 5.4.2. If A =8k —1 (k> 0), then we have
h(—4A) = h(—=A)
Fact: If the determinant —D = 1,2 or 4, the class number is 1.

Proposition 5.4.1 (Shanks, 2010 [6]). If —D =4k+1, 4k+2, 4k+4 (k > 0), the
class number is even.

Proof. There then exists a form of order 2 (called an ambiguous form) f =
(A, 2B, C) distinct from the principal form I, namely:
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f=1(2,2,2k+1), for —D =4k + 1
f=1(2°,0,2k + 1), for —D = 25(2k + 1)
f=(4,4,22+1),for =D =2° (5 > 2)

Since f? = I = (1,0, —D) under composition, there is a subgroup of order 2. n

Proposition 5.4.2 (Shanks, 2010 [6]). If —D =8k + 3 (k > 0), the class number
15 divisible by 3.

Proof. We have f = (4,2,2k + 1) # I satisfying F® = I, so there is a subgroup of
order 3. n

Proposition 5.4.3 (Shanks, 2010 [6]). For a class number h = 6n+1, n > 0, we
must have —D = 8k — 1.

Proof. Propositions 5.4.1 and 5.4.2 rule out the possibilities of —D =8k +1, —D =
8k +2, —D =8k + 3, —D = 8k + 4, and thus also —D =8k + 5 and —D = 8k + 6.
—D = 8k is not possible since D is square-free. So, the only remaining possibility is
—D =8k — 1 (or equivalently —D = 8k + 7). ]

We wish to look at forms with class number 6n 41, so we may restrict our study
to negative discriminants A = 8k — 1 with A(1 —8k) = 6n £ 1 (since A =32k —4 =
48k —1), 8k —1 =3 (mod 4), and h(—A) = h(—4A), and A =4D).

One quadratic form is then F' = (2,1,k), and by composition, its k" power is
the principal form

F'" = (1,1, 2k)

Since h represents 2, we have
M = u? + uv + 2kv?

or
2" = (2u + )2 4+ Av?

Here, v # 0, since h is odd. Thus, the only possible values of A are given by

A B 2h+2 _ (2U + ’U)2

02
which are finite in number.

If h is a prime greater than 3, we also have (2u+ v) and v odd. To see this, note
that any one of 2u + v and v being even forces the other of these terms to be even,
as well, from equation 5.1. Now,

2" = 4 uv + 2kv?
u\ 2 u\ (/v v\ 2
+27=(3) +(3) (5)+ %)
2 * 2/ \2 * 2
So, there exists a representation of 2772 by (1,1, 2k),

oh=2 — ul2 v+ 2/{:11/2
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This is a contradiction because F' is a primitive root of the cyclic class group (recall
that h is prime), and thus the smallest power of 2 represented by any form class is
2. Therefore, v must be odd (or equivalently, (2u + v) and v must be odd).

Example: h =5
Setting v = 1, we get, from equation 5.4,

127 =128 — 1
119 =128 =9
103 =128 — 25
70 =128 — 49
47 =128 — 81
7T=128 —121

We find that A = 119 has class number 10, and A = 7 has class number 1 (by
construction, any h dividing 5 must also appear on this list, because any element F
of such a class group would also satisfy F"* = (1,1, 2k), while the rest of the numbers
on the above list have class number 5. From computations with binary quadratic
forms, we find that there are four form classes, so the above list is comprehensive.
Note that it was unnecessary to vary v here, which may not always be the case.

5.4.1 Class Number 13 and Some Techniques

We have looked at the cases where the class number equals to primes 5 or 7 (6n+1).
We now look at the case h = 13 =6 - 2 + 1, which was not discussed by Gauss. We
have

Av? = 2% — (2u +v)* = 32768 — (2u + v)?

We need to test only those A that are prime powers, because for others, the class
number is even (a proof of this fact can be found in Section 1 of Chapter 7) Aside
from v = 1, any other v must have 2 as a quadratic residue for every prime divisor
pof v
2

(2-2" = (2u+v)? (mod p) = 2 = <(2“2+7”)2) (mod p), p | v, p # 2, since v is
odd).

Let p denote a prime divisor of v. Now, 2 is a quadratic residue mod p if and

only if
2 p271
i |
()=

The possible values of p are 7, 17, and so on.
If p=17, 2u+v = 2u + 17 (mod 289), so Av? = 2% — (2u + v)?

(2u+v)?=2"% (mod 17?)
= 32768 (mod 17?)
=111 (mod 289)
=400 (mod 289)
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U A
18 | 631
67 | 263
24 | 607
73 | 191

So, 289 | (2u +v)? — 202, or 172 divides (2u + v — 20)(2u + v + 20). If 17 divides
2u + v — 20, then 17 doesn’t divide (2u + v 4 20), so we must have

2u+v =420 (mod 1)7°

But
(2u + 17)? = (289 + 20)2 > (269)?

So,
Av? =2 — (2u+v)* = —39593 < 0

So, v yields only negative A. Similarly, v > 17 yields negative A, or, at best, positive
A that are clearly “too small” for h = 13 (note that one needs a considerably large
discriminant to have class number 13).

If p=7, (and v = 7, since we are only considering v less than 17),

2u+v =246 (mod 7%

So, 2u = —1 (mod 7%) or 2u = —13 (mod 17%). This gives the following possibili-
ties.

It may be verified that these four A’s are prime and indeed have h = 13.
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The remaining candidates are those with v =1 i.e.
A = 32768 — (2u + 1)

(215 = 32768)

These cases may be eliminated or sieved out by separately considering the cases
2u 4+ 1 < 128 = 27 and 2u + 1 > 128 and calculating the possible quadratic form
classes.

Here, —D = 727 and —D = 2143 arise from the A < 2! or 2u +1 > 27 case.
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Chapter 6

Splitting of Prime Ideals in Field
Extensions

6.1 Introduction

Let A be a Dedekind domain with field of fractions K, L be a finite extension of K,
and B be the integral closure of A in L.

Fact: If L/K is a finite separable extension, then B is a finitely generated A-
module. If A is a Dedekind domain, so is B. This has been proven in Chapter
1.

[7] and [8] are references for this chapter.

Definition 6.1.1. Let P be a nonzero prime ideal of A and 8 be a nonzero prime
ideal of B, If 8 O PB, write 8| P, i.e. § divides P, or 3 is above P.

We may decompose PB as
PB=]]s"

BIP

where eg (or eg/p) is the ramification index of P in f3.
Proposition 6.1.1. 3 divides P if and only if 6N A= P.

Proof. If 5N A = P, then it is clear that § O PB, i.e. § divides P. Conversely, let
g divide P. Then, SN A is a prime ideal of A (because  is prime) that contains P,
and thus must equal P, since A is a Dedekind domain and every prime ideal is thus
maximal. O

Proposition 6.1.2. For each § dividing P, residue field B/ is a finite extension
field of A/P.

Proof. We may consider the composition of the natural inclusion of A in B with the
projection map of B onto B/f3, i.e.

A— B— B/

The kernel of this map is SN A = P. Thus, there is an induced injection of A/P into
B/B. Moreover, since we know that B is a finitely generated A-module, it follows
that B/f is a finitely generated A/P-module (i.e. vector space), as well. In other
words, it is a finite extension field of A/P. O
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Note that we may replace 3 in the above argument by the ideal PB in B to obtain
that B/PB is a finitely generated A/P-algebra, in particular, a finitely-generated
vector space over A/P.

In the case where A = Z, K = Q, and L is a finite number field, A/P has the
form F,, the finite field with p elements, and thus L/Oy is also a finite field (with
order a power of p).

Definition 6.1.2. The degree [B/f : A/P] is called the inertial degree of g over P
in B and is denoted f3 or fg/p.

fa:=[B/B:A/P]

Proposition 6.1.3. Suppose that we have PB = [[_, P{*. Then, we have

Y eifi=n=[B/PB:A/P]

Proof. Consider the chain of ideals
BOP DOP..DOP'DP'P,D ... 2 PP'P2D ... D PP P

Since the factorization of ideals into prime ideals in a Dedekind domain is unique,
there can be no ideals between consecutive terms in the sequence, since any such
intermediate ideal would contain, thus divide, PB. The quotient of any two con-
secutive terms is given by §5/8PF;, and is a vector space over the field B/P; since
it is annihilated by P;. Moreover, since this vector space has no nontrivial proper
subspace as discussed above, it must have dimension one.

So, [B: BP;] = [B : B;] = f;. Therefore, by the multiplicative property of indices,
and using the fact that there are exactly e; consecutive quotients, each of dimension
fi for each 7, we have

g
[B:PB|=[B:P|[P/P]...[P{'Ps* ... Pe™ : PBl =Y ef;
i=1
We now prove the second equality under the assumption that B is a free A-module
of rank n. In particular, this covers the case where L is a number field. The general
case can be proven by an extension of this argument through localization.

If {x1,...,x,} is a basis for B over A, we can reduce mod PB to produce a
basis for B/PB over A/P. We need to prove only linear independence. Suppose
Y, (ai+ P)(zi+ PB) = 0 in B/PB. Then, Y ! ax; € PB, and so it can be
written as Zj bjy; with b; € B, y;P. But, b; = >, cjsxy with ¢jp € A, we have
ag =Y i Gy € P for all k. Thus, the x7 + PB are linearly independent and form
a basis of B/PB over A/PB. The proof is now complete. O

Proposition 6.1.4. If 0 € G = Aut(L/K), then o(B) = B. If Q is a prime ideal
of B, then so is 0(Q). Moreover, if Q lies above the nonzero prime ideal P of A,
then so does o(Q). Thus, G acts on the set of prime ideals lying above P.
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Proof. If x € B, then o(x) € B (apply o to an equation of integral dependence).
Thus o(B) C B. But, 07'(B) is also contained in B (since ¢ was an arbitrary
element of the Galois group). Hence, B = o(c~}(B)) C o(B). If PB =[], Q%,
then apply o to both sides to get PB = [[, 0(Q;)®. Since o preserves all algebraic
relations, it is easily verified that the o((Q);) must be prime ideals. Moreover, o,
being a K-automorphism, fixes every element of A (and thus of P). Therefore
QNA=P=0(QNA)=P=0c(Q)NA= P. By the definition of a group action,
Aut(L/K) acts on the set of prime ideals lying above in P. O

Proposition 6.1.5. Let A, B, K, L be as defined at the beginning of the chapter.
Suppose L/ K is Galois. Then, Gal(L/K) acts transitively on the set of prime ideals
B of B which divide a given prime ideal P of A.

Proof. Let Q1 and ()5 be prime ideals lying above P. We have to prove that there
exists some o € Gal(L/K) such that 0(Q1) = Q2. Assume that this is not true.
Then, the ideals @ and () are maximal and distinct, so Q2 € o(Q1) for each
0 € Gal(L/K). The Prime Avoidance Lemma says that if an ideal of a commutative
ring is contained in a finite union of prime ideals, then it must be contained in one
of these prime ideals. Thus, there exists an element x € ()5 such that x doesn’t lie
in any of the o(Q1)’s.

Computing the norm of x relative to L/K, we have N(z) =[], (x) (since the
extension is Galois). But, one of the ¢’s is the identity, Q)1 is an ideal, and o(z) € B
for all . Thus, N(x) € Q2. But, N(z) € A by the Galois theory discussed in a
previous section. So, N(z) € Qe NA =P = Q1 NA N() = [[,ee () € Q1,
thus one of the o~1(x) lies in Q, implying that x € o(Q;) as well, which is a
contradiction. Therefore, we must have Q2 = (@) for some 0 € Gal(L/K). O

Corollary 6.1.1. Let L/K be a Galois extension and n = [L : K] and let P be a
nonzero ideal of A. The integers eg/p and fg/p depend only on P. Denote them
by e and f. Let g be the number of prime ideals of B that divide P. Then, by the
previous proposition, n = efg. This is called the efg formula.

Proof. Let PB =[[?_, P{*. We know that 8 divides P if and only if it is one of the
P;’s. Take 1 < 7 # k lying between 1 and ¢g. By the previous proposition, there
exists 0 € Gal(L/K) such that o(P;) = P;. Apply o to both sides of PB = [[7_, P{*
to get PB = [[{_, o(P,)%. (Here, 0(PB) = PB, because it is (finitely) generated
by the generators of P in A, which are fixed by o, and because 0(B) = B : PB =
oo Y(PB) C o(PB) C PB)

On the right hand side, the power of P; dividing PB is e, and the power of
P, dividing PB is e;. By uniqueness of prime factorization, we must have e; = ey.
Since j and k were arbitrary, we have e; = e, for all indices j and k.

We also have f; = [B/FP; : A/P]. Consider j # i. Without loss of generality,
fi < fii f{z1 + P,xa+ P,,... x4, + P} is a basis (as a vector space) of B/P; over
A/ P, then the set {o(z1) + Pj,0(x2) + P;,...0(z,) + P;} C P; is claimed to form a
basis of B/P; over A/P. To prove this, it is sufficient to show linear independence
(because f; < fi).
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Assume a linear dependence relation

Z(ai+P)(O-<xi)+Pj) =0 in B/P;

)

= ZU(CM%) cpP = O'(Z a;z;) € P;

7

= Zaixi € O'_I(Pj) =P,

By linear independence in B/ P;, we have a; € P;,N A = P, and thus the set {o(z;) +
P;,0(z2) + Pj,...0(x,) + P;} is linearly independent. Thus, f; > fi, and hence
f; = fi. Since 7 and j were arbitrary, we must have fz independent of 3. Denoting
the common values of the e;’s by e and the f;’s by f, and from a previous proposition,
we have efg =n = [L: K]. O

Definition 6.1.3. Given a Galois extension L/K, we say that a prime ideal P of A
is ramified when ep > 1.

Definition 6.1.4. If ep = 1, we say that P is unramified.
Definition 6.1.5. If e = f = 1, we say that P splits completely in L.

Definition 6.1.6. Let L/K be a finite Galois extension of number fields, and § be
a prime ideal of Of. Define Dg, the Decomposition Group of 3 to be

Dg ={o € Gal(L/K) | o(B) = B}

Each o € Dg induces an automorphism ¢ on [ := % whose fixed field is k = OTK
where P = 3 Ok. Moreover, the map ¢ — & is naturally a group homomorphism.

Definition 6.1.7 (Inertia Group). The kernel I = I, of the above homomorphism,
is called the inertia group of Q.

The inertia group is a normal subgroup of the decomposition group, as it is the
kernel of a homomorphism. It is given explicitly by

I={ceD:o(x)+Q=24+Q,VreBy={oceD:olx)reQ,Vxe B}

Theorem 6.1.1. Assume that the extension (B/Q)/(A/P) is separable. Let D de-
note the decomposition group of Q. Then, | : k = B/Q : A/P is a Galois extension.
Moreover, the natural homomorphism o — & of D to Gal[(B/Q)/(A/P)], which
has been defined above, is surjective with kernel I. Therefore, Gal[(B/Q)/(A/P)] =
D/I.

Proof. The field extension (B/Q)/(A/P) is separable is finite and separable. By
the primitive element theorem, it must be a simple extension. Let T be a primitive
element of B/Q over A/P. Let © € B be a representative of z. Let h(X) =
X"+ a X™ + ...+ ap be the minimal polynomial of x over Fp. The coefficients
a; belong to Ap = B N Fp since each of them lies in a finitely generated module
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of B (using the fact that z is primitive, which in turn must be a finitely generated
module of A (thus they are all integral over A, and must lie in B). The roots of
h are all of the form o(z), 0 € D. (We are working in the extension L/Kp, with
Galois group D.) If we reduce the coefficients of hmodPp, the resulting polynomial
h(X) has coefficients in A/P. The roots of h are of the form o(z), 0 € D (because x
is a primitive element). Since o € D means that o(Q) = @, all conjugates of x over
A/P lie in B/Q. By the basic theory of splitting fields, B/Q is a Galois extension
of A/P.
Therefore, every conjugate = over A/ P is of the form o(Z), every A/P-automorphism

of B/@Q (necessarily determined by its action on x), is of the form & where o € D.
By the definition of the inertial group, ¢ is trivial iff ¢ € I. Thus, the map 0 — &
is surjective and has kernel I. O

Proposition 6.1.6. For Q) dividing P and all other notations as before, the decom-
position group Dg has order ep fp.

Proof. By the orbit-stabilizer theorem applied to the action of G on the set of primes
() dividing P, the size of the orbit of @) is the index of the stabilizer subgroup Dy.
Since the action is transitive, there is only one orbit of size g. So, g = [G : Dg] =
|G|/|Dgl, hence |Dg| =n/g=-efg/g = ef, independent of Q).

Note also that distinct conjugates of () determine distinct cosets of Dy, since

01D = 09D & 0'2_10'1 S DQ =4 O'l(Q) = O'Q(Q)
[

Corollary 6.1.2. The order of I is e. Thus the prime ideal P does not ramify if
and only if the inertia group of every prime ideal Q) lying over P is trivial.

Proof. By definition of relative degree, the order of Gal[(B/Q)/(A/P)] is f. By the
previous proposition, the order of D is ef. Thus by the isomorphism in the previous
theorem, the order of I must be e. O

Definition 6.1.8 (Decomposition and Inertial Fields). The decomposition field F)p
is defined to be the fixed field of the decomposition group D¢, and the inertial field
F7 is defined to be the fixed field of the inertial group Ig.

Consider the extension Fp, C L with Galois group Dy (this holds since L/K is
a Galois extension). Let Ap, = BN Fp, be the integral closure of A in Fp,. Let Pp
be the prime ideal Q@ N Ap,,. @ is the only prime factor of PpB, because all primes
in the factorization are conjugate, and o(Q) = @ for all o € D, by definition of D.

Proposition 6.1.7. Fiz a prime ideal () dividing P and denote Dg by D, ep by e
and fp by f. Let PpB = Q° and f = [B/Q : Ap/Pp|. Thene =e and f = f.
Moreover, A/P = Ap/Pp.

Proof. Observe that ¢ f' = [L : Kp] = |D| = ef. Now, A/P C Ap/Pp C B/Q,
SO f/ < f. Also, PAp C QN Fp = Pp, so Pp divides PAp, hence PpB divides
PApB = PB. Consequently, ¢ < e, and this forces ¢ = e and f = f. Thus,
the dimension of B/Q over Ap/Pp is the same as the dimension of B/Q over A/P.
Since A/P can be regarded as a subfield of Ap/Pp, the proof is complete. n
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In the basic AK LB setup, with L/K a Galois extension, we now assume that K
and L are number fields.

Definition 6.1.9 (Frobenius Element/Automorphism). Let L/K be a finite Galois
extension of number fields. Let 8 be a prime ideal of O and P = () Ok. Assume
P which does not ramify in L (i.e. ep = 1). Then, [ = % is a finite extension of
the field k = Ok /P of ¢ elements (q is a power of some rational prime).

Now, eg/p =1, so Ig = {1}. Thus,

Ds = Gal(l/k) (k = %)

Since k = F, = Gal(l/k) is cyclic and generated by the map I — I9. De-
note by o, the corresponding element in Dy C Gal(L/K). Call o the Frobenius
automorphism related to the extension L/K.

We use the notation [L/TK} for the Frobenius automorphism.
Proposition 6.1.8. If 7 € G, then [%} =T <[L(TKD 71

Proof. If x € B, then [L(TK} “lr = 727 = 7129 (mod Q). Apply 7 to both sides

to conclude that 7 ([L(TK]) 7! satisfies the defining equation for [%] Since the
Frobenius is uniquely determined by its defining equation, the result follows. O

Lemma 6.1.1. Let L/K, B, P be as before. Then, the Frobenius automorphism is
the unique element o € Gal(L/K) such thatV « € Oy,

o(a) = o™ (mod B)
where N(P) = |Ok : P| =q.

Corollary 6.1.3. If L/K is abelian, then [L/—K} depends only on P, and we write

Q
the Frobenius automorphism as (L/TK) and sometimes call it the Artin symbol.

6.2 The Chebotarev Density Theorem

The Chebotarev density theorem gives a statistical description of the splitting of
primes in a given Galois extension K of the field Q. In general, a prime integer
(more precisely, the principal ideal generated by it) will factor into several prime
ideals in Q. For a given prime, only finitely may splitting patterns may occur. The
full description of splitting of every p in a general Galois extension is an unsolved
problem. The Chebotarev Density Theorem states that the frequency of occurrence
of a given pattern for all primes less than or equal to N (for some large integer N)
tends to a given limit as N goes to infinity.

In the special case in which K is a Galois extension of Q of degree n, the primes
that completely split in K have density 1/N among all primes. Primes may be
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assigned an invariant called the Frobenius element, a representative of a well-defined
conjugacy class in the Galois group Gal(K/Q). The asymptotic distribution of these
invariants is uniforms over the group, so that a conjugacy class with k elements
occurs with frequency asymptotic to k/n.

In this section, we use the notation A(f) for the discriminant of the form f.
Proofs of unproven results may be found in the references [19], [2], and [16].

Definition 6.2.1 (Dirichlet/Analytic Density). A set S of prime numbers has

Dirichlet density o if
1
1 1
(o) (z i)
peS p p prime p

Definition 6.2.2 (Natural Density). A set S of prime numbers has natural density

o if
#{p<z:peS}
#{p < 2 : p prime}

as s decreases to 1.

—dasx — o0

In general, let f be a polynomial with integer coefficients and leading coefficient
1. Let n denote the degree of f. Suppose that A(f) :# 0. Then, f has distinct
zeroes ai, Qa, ..., (, in a suitable extension field of Q.

Let K = Q(ay,...,q,), and G be the Galois group of f over the field extension
K/Q. Each 0 € G permutes a4, ..., a, and is determined completely by its action
on them. Thus G lies inside S,,.

Write 0 € G as a product of disjoint cycles (including those of length 1), to obtain
a cycle patern of o, i.e. a partition nq, ..., n; of n. where the n; are the lengths of
the individual cycles constituting that of o.

If p doesn’t divide the discriminant A(f) of the form f, we can write f modulo p
as a product of distinct irreducible factors over F,. The degrees of these irreducible
factors form the decomposition type of f modulo p, which is also a partition of n.

Theorem 6.2.1 (Frobenius). The density of the set of primes p for which f has a
given decomposition type ninsy . ..ny exists, and it is equal to 1/|G| times the number
of o € G with cycle pattern nins...n;, where G is the Galois group of f.

Thus, the density of the set of primes for which f splits into linear factors (cor-
responding to the identity permutation) is 1/|G].

Definition 6.2.3 (Frobenius Substitution of p). There is a natural association be-
tween a prime not dividing A(f) and an element 0, € G, such that the decomposition
of f modo p is the same as the cycle type of 0,. Here, o, is the Frobenius symbol
of p, and is well-defined only up to conjugacy in G.

Recall that the Frobenius map (or here, also, the Artin map), as described in
the previous section, is an automorphism of the field F_p of characteristic p, and the
Frobenius substitution o, is an automorphism of the field k of characteristic 0. To
relate the two fields, we develop a way of taking elements of K = Q(ay, ag, ..., ay)
modulo p so that the zeroes of (f (mod p) can be regarded as (zeroes of f) (mod p).
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Let f be a polynomial with integer coefficients. We are interested in the frequency
of each factorization pattern of f modo each prime p (except in the cases where a
double factor occurs, i.e. when p divides the discriminant of f.

In case of an abelian extension (i.e. the Galois group is abelian) K C L, we have
an Artin symbol A(p) € Gal(L/K) for primes p not dividing Ay k, with the unique
property that for all « € O,

A(P)(a) = atF (mod P)Oy,

This element A(P) is often called the Frobenius at P.

If we drop the abelian condition and only require the extension to be Galois,
then the definition of the Artin map depends on the choice of the prime ) lying
over the prime P = (p). Upon this choice, when p not dividing Az k, there is a
unique Frobg € G such that for all a € Oy,

Frobg(a) = ot F (mod Q)

This really does depend on the choice of ). Given another choice @)’/ P, there is
an element o € Gal(L/K) such that Q' = 0(Q) and we see that

Fronr = O'FTObQO'_l

UFTObQJ_l((a)) = 0(0_1(a)#OK/P)) (mod Q)
= (07 (a#/F))  (mod Q)
= o#9x/F " (mod Q)

In this case, we must treat not just the elements themselves but the entire con-
jugacy class.

Definition 6.2.4. Define the Frobenius symbol of P in L/K to be the conjugacy
class {Frobg : Q | P}.

Frobp is also denoted by op.

For an abelian group, this set contains a single element.

The Frobenius element restricts well to subfields of fields. If K € L, L C¢ M
are Galois extensions of fields, then op € Gal(M/K) maps by restriction to op €
Gal(L/K).

Knowledge of op allows us to control the decomposition of P in every subfield.
Given a subextension K C F C L not necessarily Galois, write

pop =[] @

QP

If P is unramified, the decomposition of P is given by the sequence of residue
class degrees f(Q/P). The Frobenius symbol tells us what they are.
Let E = L¥ be the fixed field under the subgroup H of the group G.
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Fact: The decomposition type of P in Op (the “factorization pattern”, which
is a partition of the degree [F : K]) is equal to the cycle structure of op acting on
G/H where E = L.

Note that G/H is a set of [E : K| cosets. It comes with the action of G, hence a
cycle structure of ¢ on this set. Note that this cycle structure only depends on the
conjugacy class of op.

Let £ = K(a) and f € O[z] be the minimal polynomial of @ and assume that p
does not divide A(f). We have two factorization patterns to consider:

e the factorization pattern of f (mod p) in OTK[X]

e the cycle structure of the Frobenius symbol

Since « generates F over K, forany 7, ta =a < 17€ H& na=na < nH =1H.
So, instead of the cycle structure on GG/H, we may instead consider the cycle on the
K-conjugates of a in L.

By concatenating, we can take the product of any distinct irreducible polynomi-
als. We still have the fact that the factorization pattern of f modo p is the same as
the cycle of op acting on the set of roots of f.

Theorem 6.2.2 (Chebotarev Density Theorem). Let K C L be Galois, and let
C C G=Ga(L/K) be a conjugacy class. Then, {P: P is a prime of K, p doesn’t
divide divide Ap/i, op € C'} has density I% In particular, this ratio is always 40,
so there always exist such primes. Fvery element of the Galois group is the Frobenius

element of some prime.

Let S be the set of primes of K. We have already defined the notions of natural
and analytic density of primes. If the natural density exists, it is equal to the
analytic density. The converse is not true. The Chebotarev density theorem is true
with both notions of density.

The theorem goes both ways. If the densities are known, we can get information
about the Galois group. If the Galois group is known, we can predict the densities
that occur by computing the set of conjugacy classes of the group.

Applying this theorem to the Abelian case, combine the Chebotarev denisty
theorem with classification of abelian extensions that comes from Galois theory.

Q(¢m) 2 Q

Z

G (ﬁ)*

I

by the isomorphism
op <> (p (mod m))

For any a (mod m) € (-Z)*, Chebotarev density theorem then implies that {p
: p = a (mod m)} has density @, a statement that is a bit stronger than the
Dirichlet theorem on primes in arithmetic progressions.
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6.3 Ramification in Number Fields

We first describe the theory that holds in a general number field K and then look,
in particular, at quadratic number fields.

Let p be a rational prime number. The ideal generated by p in the ring of integers
Ok of a number field K has a unique factorization in terms of the prime ideals of
Ok. We have seen that this factorization looks like p@ = P,"* P,"™ ... P, and
also that n = [K : Q] = X_,ep fp,, where fp, denotes the intertial index of P;, i.e.
fp, = [Ok/P; : Z/pZ]. Also, since the extension K/Q is Galois, all the ep,’s and
fp.’s are equal, and we have the formula n = efg.

In general, there is no straightforward method to compute the factorization of
pOk. However, when Ox = Z]O], we can use the following result.

Theorem 6.3.1 (Kummer). Let K be a number field and p € Z be prime. Assume
that there exists 6 such that Og = Z[0], where f is the minimal polynomial of O
and f 1s the reduction of f modulo p. Let

be the factorization of f(x) in F,[X], with the ¢;(X)’s co-prime and irreducible. Set
Py = (p, fi(#)) = pOk + fi(0)Ok
where f; is any lift of ¢; to Z[X], i.e. f; = ¢; (mod p). Then,
pOx = Pt ... P
is the factorization of pOg in O.
Proof. Note that

Ok _ 2Z[0] ZIX]/f(X) Z[X] F,[X]
pOx  pZ[O] — p(Z[X]/f(X)) — (p, f(X)) — (F(X))

where f = f (mod p).

12
12

Let A := (%E?()]))
If (X) € F,[X], ¥(X) (mod )f(X) € A and g € Z[X] such that § = 1, then

Z[0] . FplX]
PZ[O] T (f(X))

its preimage is given by ¢g(O) (i.e. the inverse of the isomorphism ) is

evaluation at O).

By the Chinese Remainder Theorem, we have

R B
A= Gooy = g

Since by assumption, the ideal f(X) has a prime factorization given by f(X) =
i1 (di(X))e
=1 ?
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We are now ready to understand the structure of prime ideals of both -2 70 and A,
thanks to which we will prove that P, = (p, f;(O)) is prime, that any prlme divisor
of pOy is actually one of the P;, that the powers e; appearing in the factorization
of f are bigger than or equal to the ramification index ep, of P;. Then, invoke the
result that n =) _._, e;f; to show that e; = ep,.

Since .
F,[X]
H ¢1(X)ez 7

=1

the maximal ideals of A are given by ( +(X))%, and the degree of the extension

5 (‘)4() 5 over F,, is the degree of ¢;.

Since A ~ T’ we get that the maximal ideals of Of; are the ideals generated
by fi(O) (mod p)Ofk. Consider the projection
Ok

T OK%@

We have

m(P;) = m(pOk + f;(0)Ok)
= fz(O)OK (mod p(’)K)

= ¢;(0)Ok (mod pOk)
We have seen that f;(O)Of are maximal ideals in %, and are thus prime.
Therefore, P;, being the pre-image of a prime ideal under the above projection,
is a prime ideal. Furthermore, since P; D pOg, P;|pOk and the inertial degree is

equal to the degree of the polynomial ¢;.

= {7
- :fi<O>OK(gdepOK> |
= deg ¢;

Now, every prime ideal P in the factorization of pOk is one of the P;, since the
image of P by 7 is a maximal ideal of Ok /pOk.

We are left to look at ep,, the ramification index of P,. The ideal ¢;“A of A
belongs to po—f; via the isomorphism p%—f; ~ A and its preimage in Og by 7!
contains P;“.

In p%—f{, we have

Ok = M, ¢:(0)

50



1.e.

pOk =7 '(Ok)
=N_ym (95 A) D N Py

g9
— €
-11~
=1

Thus, [[2_, P is divided by pOx = [[/_, P;"*, and so e; > ep,.

3 (2

z
pZr

g g
n=|[K:Q]= Z@Pifpi < Zei deg(¢;) = dimp,(A) = dimg,
i=1 i=1

Thus, ep, = e;. O

Thus, we have a concrete method to compute the factorization of pOf for a
prime p:

1. Choose a prime p € Z

2. Let f be the minimal polynomial of § where O = Z[0]

3. Let f =T’ #:(X)% be the factorization of f = f (mod p)
4. Lift each ¢; to a polynomial f; € Z[X]

5. Compute P, = (p, fi(0)) by evaluating f; at 6

6. We have pOg = P{* ... Py°

Recall the following definition.

Definition 6.3.1. A prime p is called inert if pOy is prime, i.e. g=1,e =1, f =n,
and is called totally ramified if e =n,g =1, f = 1.

In general, the following theorem holds.

Theorem 6.3.2. Let K be a number field. If a prime p is ramified, it divides the
discriminant dy .

Proof. Let P be a prime ideal dividing pOx such that F2| pOx (P exists because p
is ramified). Write N

where [ is an ideal divisible by all prime ideals above p.
Let {ou, g, ..., an} C Ok be a Z-basis of Ok and let a be an element of I that
does not lie in pOk (« exists because pO C I (properly) since P divides I). Write

O(:bl()él—f—...—i-bn&n, bZEZ
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Since « ¢ pOp, there exists b; such that p doesn’t divide b;, say p doesn’t divide
by
Recall ,
o1(ar) ... o1(an)
di = det
on(ar) ... on(an)

where o; are the n embeddings of K into C

Let L be the Galois closure of K. All the conjugates of a belong to L. We also
know that « belongs to all the primes of O above p. Similarly, a € L C L belongs
to all primes 8 of Oy, lying above p, since § N Ok is a prime ideal of Ok above p
and contains .

Fix a prime [ above p in Op. Then o;(f) is also a prime ideal of O above p
(0:(8) € L since L/Q is Galois, o;(f) is prime because 3 is, and p = 0;(p) € 0:(5))
Now, o;(«) € 5,V o, thus the first column of the matrix involved in computing d
is in 3, we have dx € BN Z = pZ, as required. The proof of the theorem is now
complete. O

Corollary 6.3.1. There are only finitely many primes that ramify in a given number
field.

6.3.1 Ramification in Quadratic Number Fields

In the case of quadratic fields, e, f and g may take values 1 or 2, and the only
possibilities for a prime p are the following.

1. fg=2e=1f=1, pOg = P, P, for some distinct primes Py, P, of Og. pis a

decomposed or split prime.
Ok Z

~

P, pZ

2. g=1,e=2,f=1pOk = P?, P is a prime ideal of Og. p is a ramified prime.
Ok Z

~J

P pZ

3.g=1,e=1,1f=2pOk = P, where P is a prime ideal of Og. p is an inertial
or inert prime.
2=
P, pZ

Let (%) denote the Legendre symbol.

Theorem 6.3.3. Let K = Q(y/m) be a quadratic field and p be a rational prime.
Ifm=1 (mod 4), p is

e decomposed if (%) =1Lp#2o0rifp=2 m=1 (mod8) 8§,

e ramified if plm, i.e. (%) =0 (here p #2)
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o decomposed if (%) =1,p # 2

e ramified if p=2 or (%) =0

v
e inert if p# 2 and () = —1
Proof. CASE-1: m =2,3 (mod 4)

We have O = Z[/m]

f(X) = X? —m is the minimal polynomial of O = y/m. By Kummer’s theorem,
the factorization of pOk is determined by the factorization of

J(X) = f(X) (mod p)

e If p| morp =2, then clearly, f(X) = X2 or (X —1)? [with (X —1)? occurring
in case of these restrictions if and only if p doesn’t divide m and p = 2) and
thus

(p)Ok =@Q*, ,Q = (p,vm) or Q= (p,1 —+/m)

By Kummer’s theorem, p is ramified.

e If p does not divide m and p # 2, then f(X) = X? —m is either irreducible in

Z [ X] or has two distinct roots in Z.
p P

— If f(X) is irreducible, then p is inert, since it has only one prime ideal
(with power 1) in its factorization.

— If f(X) is reducible,
X2 —m=(X4+a)(X+b) (modp)=X>+(a+bX +ab (mod p)

= b= —a (modp),ab=—m (mod p)
m =a®> (mod p)

p does not divide a or b since it does not divide m, so m is a square
(mod p). Moreover, we must have b # a (mod p), else 2b = 0 (mod p) =
p | b, a contradiction. By Kummer’s theorem, p is split into two distinct
prime ideal factors.

We have proven the m = 2,3 (mod 4) case in the theorem.
CASE-2: m =1 (mod 4)
We have O = Z[%m]

f(X)=X?-X — mT_1 is the minimal polynomial of 1+5/m over Q
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e If p =2, f(X) has aroot modulo p if and only if -2 =0 (mod 2),i.e. m =1
(mod 8)

— In this case, i.e. if mT_l = 0 (mod p)2, each of the two distinct elements

mathbfZ
27

— If p=2and 2 =1 (mod 2), f(X) is irreducible, thus p is inert.
o If p#£2

— If the roots Y™ of X2 — X — 2= exigt in 2 (they are necessarily

in is a root of f(X), so p is a split prime.

2 4 pZ
distinct), their sum, /m exists in ]% (note that 2 is a unit (mod p)).

Equivalently, m is a square modulo p, i.e. (%) = 1. Kummer’s theorem

shows that p is a split prime.

— Moreover, f(X) has multiple roots in ]%Z if and only if p divides m. Thus,
by Kummer’s theorem, p is ramified if and only if p divides m, i.e. if and
only if (%) =0.

— Thus, in this case, p is inert if and only if (%) =-1

We have thus completed the proof by showing the m = 1 (mod 4) case in the
theorem. O

In particular, looking at the ramified conditions in both the above cases, we have
the following result.

Corollary 6.3.2. Let K be a number field. A rational prime p is ramified in Ok if
and only if p divides the discriminant of K.

Theorem 6.3.4 (Fermat’s Two Square Theorem). An odd prime p can be expressed
as a sum of two squares if and only if p =1 (mod 8) 4. These primes are also called
Pythagorean primes.

Proof. Take K = Q(i), so that O = Zl[i]. Now, a prime p is the sum of two squares
if and only if there exist integers nonzero x and y such that

p=2a"+y" = (z+iy)(z — iy)

Thus, p must be a decomposed or split prime (it cannot be ramified because that
would imply that = + iy = x — iy (mod p) or 2y = 0 (mod p) or p divides =z,
a contradiction to the assumption.) We see in the previous theorem (noting that
m = —1 = 3 (mod 4)) that this implies that (_71) =1or (—1)112;1 =lor 2t =0
(mod 2) or p=1 (mod 4).

Conversely, suppose that p = 1 (mod 4). By the theorem, p is a decomposed
prime in K, i.e. it is not a Gaussian prime. Then, we have pZ[i] = PP, =
((a+ib)(y), where a + bi and 7 are Gaussian integers, since Z[i] is a PID. Since by
definition, a Gaussian prime is an element of Z[i] whose norm is prime, or in other
words, a Gaussian integer that is not the product of Gaussian integers of smaller
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norm, a + bi and « are Gaussian integers with norm less than the norm p? of p (and
hence also of norm > 1). Taking conjugates of both sides we get

p=(a—ib)y
Multiplying these two expressions for p gives
p* = (a—ib)(a+ib)yy = (a* +b°)|y[*

where both a? + b? and |y|* are greater than 1. But the only such factorization of
p? is pp, hence p = a® + b°.
[Also, this implies that v = a — ib, so we have shown that every integral odd
prime p is either a Gaussian prime or the product of two conjugate Gaussian primes|
We have proven that p is the sum of two squares, completing the proof of the
theorem. [

Corollary 6.3.3. A positive integer n can be written as a sum of two squares if
and only if n has a prime factorization n = pi* ... pcr (p; distinct) where e; is even
whenever p; = 2 or 3 (mod 4).

Proof. We may assume that n is non-prime. To prove the corollary, we first claim
that if two numbers are each individually a sum of squares, then their product is
a sum of squares, as well. By induction, this result holds for any finite number of
multiplicands.

Proof of claim:

(21 +y1) (23 + y3)
= ((z122)” + 2197 + 1125 + (Y142)?) + 2013231 Y2 — 271 T2Y1Y2
= (1129 — y112)” + (2191 + p122)°

Now, assume (without loss of generality) that for 1 < i < r, py = 2,3 (mod 4),
and for r <'in, p; =1 (mod 4). Then, using Fermat’s two square theorem and the
previous claim, we may write p,41 ...p, = 2% + 2, and so

n=pi... o’ +y?)
Now, it is clear that if each of the e; for 1 < i < r is even, then p{'...pS" is a
square, and thus n is a sum of squares, as required. Conversely, if we know that n
is a sum of squares, say n = X? +Y? = (X +4Y)(X —iY), write

(X +iY)(X —4Y) = p* .. .por(x + iy) (x — iy)

Case-1: (x + 1y) (and thus also (z — iy)) is prime. Since it divides the product
(X 4+14Y)(X — 1Y), it must divide one of the two factors, say (X + Y (without
loss of generality). Then, x — iy divides X — Y, but taking conjugates shows that
% = )ij—g, and thus p{'...p¢ is a square and the corresponding e;’s must be
even.

Case-2: (x + iy) is not prime, and thus neither is (x — iy)). Then, each of these
is the product of the same (seen by taking conjugates) conjugate Gaussian primes.
Thus, (x +iy)(x —iy) is a square. Similarly, (X +iY)(X — 1Y) is a square, as well.
Thus, p7* ... pS" is a square and so each of the e;’s is even.

O
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Chapter 7

Factorization of the Class Number

7.1 Class numbers of fields with discriminant hav-
ing only two odd prime factors

This section states and proves results that are found in [9] and [10].

Theorem 7.1.1. Let K = Q(V/d) be a quadratic field whose discriminant is divided
by at least two distinct primes. Then, the class number of K is even.

Proof. Pick a prime p that divides d. We know that this condition is equivalent to p
being a ramified prime. So, pOg = P? for some prime ideal P of the ring of integers
O K of K.

Claim: P cannot be a principal ideal.

Proof of claim: If; to the contrary, P is a principal ideal, pOx = (a + b\/gl)
if d = 2,3 (mod 4) and pOx = (a+bVd) if d = 1 (mod 4). Here a and b are
integers. So, p = (a + bV/d)? or p = (3(a +bVd))% Thus, p = a® + b*d + 2abV/d or
4p = a® 4 b*d + 2abv/d. In either case, we must have a = 0 or b = 0. We must have,
respectively, p = a? or p = b%d, which is not possible, because p is prime, or 4p = a?
or 4p = b?d, both of which are, again, impossible by similar arguments.

Thus, the class of P is a non-trivial element of the ideal class group. Since
P? = pOk, (the class of) P has order 2. By Lagrange’s theorem, 2 divides the order
of the ideal class group (i.e. the class number), and the proof is complete. O]

We now consider imaginary quadratic fields whose discriminant has only two odd
prime factors.

Theorem 7.1.2 (Byeon & Lee, [9]). Let g > 2. Then, there exist infinitely many
mmaginary quadratic fields whose ideal class group has an element of order 2g and
whose discriminant has only two prime factors.

This theorem is proved by showing the existence of infinitely many fields of the

form Q(v/n? —m29) and Q(v/n? — 4m?9) whose class number is divisible by n and

whose discriminant has only two prime factors. The construction of fields of the form
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Q(vn? —m?29), in which case the odd prime divisors of d lie in different congruence
classes modulo 4, was carried out by Byeon and Lee [9], while Akiko Ito [10] proved
the theorem for fields of the form Q(v/n? —4m?29), in which case the odd prime
divisors of d lie in the same congruence class modulo 4.

Theorem 7.1.3 (Bruden, Kawada, and Wooley, [11]). Let ¢(x) € Z[z]| be a poly-
nomial of degree k with positive leading coefficient. Let Sk(N, @) denote the number
of positive integers n, 1 < n < N for which the equation 2¢(n) = p + q has no
solution in primes p and q. Then, there exists an absolute constant ¢ > 0 such that

Sp(N,¢) <<, N'=% where the last equation means that there exists a constant ¢
that depends on ¢ and satisfies Si(N,¢) < ¢ N'™% for large enough N.

We now use this theorem first to prove the theorem 7.1.2.

Lemma 7.1.1. Let g > 2 and let
o(z) =2(8x + 1)7 € Z[x]
By the lemma, there exist infinitely many positive integers m' for which the equation
20(m’) =4(8m + 1) =p+gq
has a solution in odd primes p and q.

Proof. Assume that only finitely many such m’ exist. Let m' denote the largest
integer for which there exist odd p and ¢ with 2¢(m’ = p + ¢. Then, for any
N >m/,

Sk(N,¢) > N —m’

c

But, the lemma implies that Si(N,¢) < ¢ N'7s, ¢ >0, g > 1. So, N —m <
¢ N'"9¥ N > m/. But, this is a contradiction because the function N(1 — ¢ N #)
is strictly increasing and unbounded, as ¢,g > 0, g > 1]

Thus, the equation 1 has a solution in odd primes p, ¢ for infinitely many m' .
The congruence p + ¢ = 4 (mod 8) gives the following possibilities:

For m', p, q satisfying equation 1, let m = 8m' +1, n = 54 > 0. There exist
infinitely many distinct positive square-free integers

d:4m2g_n2:(p+Q)2_(p_Q)2:

9 9 pq

Consider the ideal factorization in Q(v/—d):
(4m*) = (n* +d) = (n + V—d)(n — V—d)
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d = 4m? —n? = pq

(1) to (4) = pg =3 (mod 8) = —d =5 (mod 8) and n = 257 is odd.

So, %jd is an algebraic integer (—d = 1 (mod 4)). So, we can also consider
the ideal factorization in Q(v/—d)

(m)29 _ (n+2\/—_d)(n—2\/—_d

Claim: (%‘7) and ("_\2/_7) are coprime ideals.

)

Proof of claim. If («) is a common factor, o divides m
So, « divides ged(m?9,n). But, this ged has to be 1, otherwise d = 4m? — n? is not
square-free. So, a =1, i.e. there are no common factors. O

29 and M=t 4 neved = gy

Therefore, each of %jd is a 2g-th power, say

52 — n+/—d
2

Suppose that the ideal  has order r < 2g. Then, r | 2¢g and so r < g.

5T=(n+\/__d

2
B U+ v/ —d
-

)’!’

, u,v € Z*. Taking norms,
u? +dv?  (n®+d)
4
_ (amy
47‘
—(8m +1)¥ =1 (mod 4)

) W € Z. We have
w+dv? =u*+ 30> =0 (mod 4)
So, u =v (mod 2). We also have
n++v—d B (u+v\/—_d
2 2

Taking norms on both sides of 5% = _”+\2/?d

N

, we get
n®+d

4
— N(gr)%’
B (u2+v2d

4
> (

m29 =

29
)?
1+d

4)2

58



ie. 16m% > (14+d)*> & 4m? — 1 > d.
But, d = 4m?I — n>.
Thus,

(
If 2m9 —n > 1, then 2m9 +n < %, so 4mf + 2n < d. But, 4m9 —1 > d, a
contradiction.

If 2m? —n = 1, this implies that 2m9 —n = ’% — B4 = q # 1. Therefore, r < 2g

is not possible, and the order of 8 is exactly 2g. ]
Therefore, we have constructed an infinite family of quadratic fields Q(v/n? — 4m?29),

(m,n) = 1, 4m? > n? whose class numbers are divisible by 2g where g is any integer.
In this process, we have also proven the following theorem.

Theorem 7.1.4. For an integer g > 1, #{(p,q)| p,q odd primes, p # q (mod 4),
2g|h(—=pq)} = .

We now turn focus to the case p = ¢ (mod 4). A proof similar to the above
may be outlined to prove an analogous result for this case, as well. In particular, we
have the following result.

Theorem 7.1.5 (Ito, 2012 [10]). Let g > 1. Then,
#{(p,q)| p,q odd primes, p = q (mod 4), 2g | h(—pq)} = oc.

Proof. This theorem is proved by showing the existence of infinitely many imaginary
quadratic fields Q(vn2 —m?28), n> —m?» = —pq, p = q¢ (mod 4), (m,n) = 1,
m?29 > n?. This implies m? —n? =pg=1 (mod 4), p=¢q (mod 4).
The theorem of Bruden, Kawada, and Wooley [11] is used again.
Let n > 1 and let
o(x) == (4o +1)" € Z[z]

We know that there exist infinitely many positive m’ for which 2¢(m’) := 2(4m’+
1) =2 (mod 4). Thus, p and ¢ satisfy one of:

e p=¢g=1 (mod 4)
e p=¢q=3 (mod4)

Without loss of generality, assume that p > ¢. For m/, p, ¢ satisfying equation

Lput m=4m +1and n = E54. Here, n is even because p = ¢ (mod 4).

N (A AN LT A
2 2

So, there exist infinitely many distinct positive square-free integers d = m?" — n?
with only two odd prime divisors. m is odd and greater than 1, and n is an even

integer, pg = 1 (mod 4), so —d = —pg =3 (mod 4). So, Oq(,/=pq = Z[v/—pq]. We

can write
(m*?) = (n* +pq)) = (n+ vV=pg)(n — v/=pq)
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in Q(v/—pq). As before, (n + /—pq) and (n — /—pq) have no common factors,

because if they did, such a factor would divide m?9, which is odd, as well as 2n, and
thus would divide the g.c.d. of n and m?9, but this would imply that d = n? — m?J
is not square-free. So, the ideals have to be co-prime. Thus, (n + /=pq) = 3% for
some ideal 8 of Oq(,/=5g)-

Suppose that the order of § in the ideal class group is r < 2g. Then, r | 2g, so
r < g. Since Oq(/=p) = Z[/—pq|, we have

B = (u+vv/=pq), u,v €Z
(n+v=pg) = 5% = (8")7 = (u+vy/=pg) "

Now, if u = 0 or v = 0, the above equation doesn’t hold, since n # 0. Moreover,

since Q(v/=pq) # Q(v—1), Q(v/—3, the group of units of Q(v/—pq) is {#1}. Then,
n—l—ﬁz:l:(u—i—v\/—_pq)%g
Taking norms on both sides,
m* = n® + pq
= N((n+ v=pq))
N(B)F
= N(u+vy/—pq)~
= (u* +v*pg)”
Since u?> > 1,v* > 1, g/r > 1 hold,

29

29
r

m* = (u® +v®pq) > (1 + pg)?

& m? —12>pq

But, m?9 —n? = pg = (m? —n)(m? +n) = pq.

We have ptq . p—g
— =p>1
o T P
So, my+n=p, md—n=gq,but my+n>mf—12> pq, acontradiction. Therefore,

the order of S must be equal to 2¢g, and the proof of the theorem is complete. [

mId+n=

7.2 The Hilbert Class Field:
A Brief Introduction

Definition 7.2.1 (Unramified Field Extension). A field extension K C L is called
unramified if every prime ideal P of O is unramified in Oy,.

Definition 7.2.2 (Minkowski’s Bound). Let D be the discriminant of a field K, n
be the degree of K over Q, and 2ry = n—ry, 2r3 = n—r; be the number of complex
embeddings where r; is the number of real embeddings. Then, by Minkowski’s
theorem, every class in the ideal class group of K contains an integral ideal of norm
not exceeding Minkowski’s bound.

Minkowski’s constant/bound for the field K is this bound M.
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We have

T nm

My = /ID] (é) nl

Minkowski’s bound implies that there exists a lower bound for the discriminant
of a field K given n, ry and 7s.

ro n/2 nn
vIpl= (5) = (G)
4/ nl 4

n!
For n at least 2, it is easy to show that the lower bound is greater than 1, so we ob-
tain the fact that the discriminant of every number field, other than Q, is non-trivial.

Theorem 7.2.1. The field of rational numbers has no unramified finite extension.

Proof. From the above result, no finite extension of Q has discriminant equal to +1,
and thus every number field’s discriminant is divided by some prime. We know that
any prime dividing the discriminant of a number field ramifies in it. Thus, such an
extension cannot be unramified. O]

On the other hand, fields larger than Q may have unramified extensions.

Definition 7.2.3 (Relative Discriminant). Let K be a number field and L be a
finite extension of K. The relative discriminant Ay is an ideal of Op. Let {o:} be
the embeddings of K into C and {b;} be an integral basis of Ox. When Ok = Z|a],
the discriminant of K is equal to the discriminant of the minimal polynomial of «
(b; = 1) and the matrix is the Vandermonde matrix associated to o; = o;(«)
whose determinant is [[,;_;,(q; — @;)?), which is also equal to the discriminant
of the minimal polynomial of «.

In a tower of fields L O K D F,
Arsr = Nig/p(Arx AR

where N denotes the relative ideal norm, i.e.

n

Nijx(a) = (][ os ()l

j=1

where o;(«) are the roots of the minimal polynomial of a over K in some extension

field of L.

Theorem 7.2.2. The extension L/K is ramified in exactly those prime ideals that
divide the relative discriminant Ay . Hence, the extension is unramified in all but
finitely many prime ideals.

Definition 7.2.4. The Hilbert class field F of a number field K is the maximal
abelian unramified extension of K.
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Its degree over K equals the class number of K.

The Galois group of E over K is canonically isomorphic to the ideal class group
using the Frobenius elements for prime ideals in K.

If Ok is a UFD, in particular if K = Q, then K = F.
Example. Consider K = Q(1/—15) with discriminant -15, and let L = Q(v/—3,v/—5)

with discriminant 225 = —152. L is an everywhere unramified extension of K, since
the relative discriminant Ay /K equals the unit principal ideal Ok:

Arjq = Nijq(Arx)Alg

= —15° = Ng/q(Ar/x)(—15%)
= Nkjq(Ap/x) =1

= Ak = (1) =0k

Thus, L is an everywhere unramified abelian extension of K. The computations
using binary quadratic forms as described in a previous section show that K has

class number 2. Thus, L is the Hilbert class field, since the Gal(L/K') has order 2.

7.2.1 Properties of the Hilbert Class Field
1. E is a finite Galois extension of K with [E : K] = hg, the class number of K

2. The ideal class group of K is isomorphic to the Galois grop of E/K.
3. Every ideal of Ok is a principal ideal of the ring extension Op

4. Every prime ideal P of O decomposes into the product of hTK prime ideals in
Opg, where f is the order of [P] in the ideal class group of Ok.

In fact, E is the unique field satisfying 1, 2, and 4.

7.3 Unramified Extensions of Quadratic Number
Fields

This section is based mainly on two papers by Koji Uchida, [12], and [15].

Theorem 7.3.1 (Hensel’s Lemma). Assume K is a field complete with respect to
a normalised discrete valuation v. Suppose, furthermore, that Ok 1is the ring of
integers of K (i.e. all elements of K with non-negative valuation), let m € K be
such that v(w) =1 and let k = Ok /7 denote the residue field. Let f(X) € Ok[X]
be a polynomial with coefficients in Ok. If the reduction f(X) € k[X] has a simple
root (i.e. there exists xo € k such that f(xo) = 0 and f'(z¢) # 0, then there ezists a
unique a € Ok such that f(a) = 0 and the reduction @ equals xo in k.

62



Theorem 7.3.2 (Uchida, 1969 [12]). Let K be an algebraic number field of finite
degree. Let a and b be integers of K, i.e. a,b € Og. Let L denote the minimal
splitting field of a polynomial

F(X)=X"—aX +b

i.e., L=K(ay,...qap), where ay, ..., o, are the roots of f(X)=0. Let

D =] J(ai = a;)”

i<j

be the discriminant of f(X). If (nl)a and nb are relatively prime, L is unramified

over K(v/D).

Proof. Let B be any finite prime of L, and let P = g N K. Let G be the Galois
group of L over K. Then, G is a permutation group of {ay,...,a,}. Let H be the
subgroup of GG consisting of the even permutations. H corresponds to the fixed field
K (v/D). We show that H meets the inertia group of 3 trivially. First we consider the
factorization of f(X) (mod p). From f(X) = X"—aX +band f (X) =nX""'—a,
it follows that
X (X)—nf(X)=(n—-1)aX —nb

As ((n—1)a,nb) = 1, the above expression does not vanish (mod p). So (nl)aX —
nb is divisible by the ged of f(X) and f/(X) (mod p). If f(X) and f'(X) have
common factors (mod p), it must equal to the ged since it is of degree one. Therefore
f(X) is factorized as

f(X) = fu(X) ... fi(X) (mod p)

if f has only simple roots (mod p) and

f(X)=((n—1)aX —nb)*gx(X)...g,(X) (mod p)

if f(X) has non-simple roots (mod p).

In the above each f,(X) is irreducible (mod p) and f;(X) # f;(X)) for i # j.
Each ¢;(X), 2 < j < s is irreducible and ¢;(X) # g¢;(X)) for i # j, and also
9:(X) # (n—1)aX —nb (mod p),V i.

By Hensel’s lemma, f(X) is factorized in the in the completion of K with respect
to the norm given rise to by prime ideal P, the local field kp in the form

f(X) = [(X) .. fi(X)

or
f(X)= i(X) ... g5(X)
as according to whether f has only simple roots or not, respectively.
Here, fi(X) = fi(X) (mod p), ¢;(X) = gi(X) (mod p) for i > 2 and ¢;(X) =
(n —1)aX —nb (mod p).
Ljg is obtained from Kp, by adjoining the roots of f(X) = 0. The roots of f;(X)
or g;(X), j > 2, generate unramified extensions of K. So, if f has only simple

63



roots, K is unramified over kp. If f(X) has non-simple roots (mod p) and if Lg is
ramified over Kp, g;(X) is irreducible of degree 2 and the inertia group is generated
by the transposition of the roots of g;(X) = 0. So it meets with H trivially (since
H contains only even permutations), and thus  is unramified over K (H is the
Galois group of the extension L/K(v/D), and the order of the inertial group is e,
the ramification index). As § was arbitrary, L is unramified over K (v/D). O

Theorem 7.3.3 (Uchida, 1969 [12]). Let K be an algebraic number field of finite
degree. Let a and b be integers of K, i.e. a,b € Ok. Let L denote the minimal
splitting field of a polynomial

F(X)=X"—aX +b

i.e., L =K(ay,...qp), where aq, ..., o, are the roots of f(X)=0. If (n—1)a and
nb are relatively prime, any prime ideal of L has the ramification index 1 or 2 over
K.

Proof. We have seen from the previous theorem that any prime of L is unramified
over K(v/D), where D is the discriminant of f. We know that ramification indices
are multiplicative over field extensions. Since the ramification index of a prime in
K (VD) over K can be either 1 or 2 (from the efg formula), the result follows. [

Corollary 7.3.1. Let K = Q be the field of rational numbers. Let D = Hi<j(ai —

a;)? be the discriminant of f(X) = 0. Assume that any prime number that appears
in the factorization of D, appears odd number of times. Then, L = Q(ayq,...,a,)

is unramified over Q(v/D).

Proof. Every prime number that is ramified in L/Q appears in D. By assumption,
it is ramified in Q(v/D)/Q, since it appears odd number of times in D. Thus, by
the multiplicative property of ramification indices, such a prime is unramified in
L/Q(v/D), as required. O

Lemma 7.3.1 ([13], Theorem 13.3). If a primitive permutation group contains a
transposition, it 1S a symmetric group.

Proposition 7.3.1. If n = [ is a prime and if f(X) is irreducible over Q with
discriminant D and splitting field K, the Galois group of K over Q is a symmetric
group S;. Therefore, K is an unramified extension of Q(v/D) with Galois group A.

Proof. As we have seen in the proof of Theorem 7.1.4, the inertia group of a prime
contains a transposition if 3 is ramified. As the field Q has no unramified extension,
there exist primes of K ramified over Q. Therefore, the Galois group of K over Q
contains a transposition. As any transitive group of prime degree is primitive [[13],
Theorem 8.3], so the Galois group of K over Q is primitive, and by lemma 7.1.1, it
is a symmetric group. 0

Proposition 7.3.2. Let P(x) be a polynomial in klx| for a field k. The equation
P(x) = 0 has a root a generating a degree d extension K of k if and only if P(x)
has a degree d irreducible factor f(x) in klx].
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Proof. Let a be a root of P(x) = 0 generating a degree d extension k(a) = k[a] over
k. Let M (x) be the minimal polynomial for a over k. Let

P=Q-M+R

in k[x] with deg R < deg M. Then, evaluating these polynomials at o, R(«) = 0,
but the minimality of the degree of M with this property assures that R = 0. That
is, M divides P. On the other hand, for an irreducible (monic, without loss of
generality) M(z) dividing P(z), the quotient K = — J\Z[(ﬂp
canonical copy of) k, and the image « of = in that extension is a root of M (z) = 0.
Letting P = Q- M, P() = Q() - M(a) = Q(«) - 0 = 0, showing that P(z) = 0 has
root a. 0

is a field containing (a

Theorem 7.3.4 (Uchida, 1969 [12]). The polynomials f(X) = X" — X +1 forn =
5, 0, 7 (a =b = 1) satisfy the condition of Corollary 7.1.1. The Galois groups of
f(X) =0 are symmetric groups. Thus, there exists an unramified extension of the
quadratic field Q(\/E) with the alternating groups As, Ag, A7 or symmetric groups
Ss, S¢, S7 as Galois groups.

Proof. First consider the general case f(X) = X™ —aX +0b. Then, the discriminant
D of f may be expressed in terms of its roots «a; as before. The product of all the
«;’s is equal to b.

L D =T (qi—a;)* = (=1) [T f'(e:) and
Hf = H —a)
_H H -
H (ac; — b) — aq;
= o
T (0 — Doy — nd)

[];ci

:nnbn—l o (n o 1)n—1an

n(n 1)

Let D5, Dg, D7 be the discriminants corresponding to n = 5, 6, 7. Here, we
have a =1 = b. So,
D5 =5 —4* =19 x 151

D=5 —6% = —101 x 431
D7 =65 — 7" = —776887, a prime

So, for n = 5, 6, and 7, any prime appearing in the factorization of the dis-
criminant D,, of the polynomial f(X) = X" —aX + b, appears odd number of
times. Thus, by Corollary 7.1.1, L = Q(cv, . . . , a,,) is unramified over Q(v/D).
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2. Now, we find the Galois groups of these equations. If n = 5, f is irreducible

modulo 5. (Since 512 is cyclic of order 5, there are no roots. It can be checked

manually that there are not quadratic irreducible factors.) If n = 7, f is

irreducible modulo 7. (Since Z is cyclic of order 7, there are no roots. It

can be checked manually that there are not quadratic and cubic irreducible
factors.)

Thus, using the following lemma, f is irreducible over Z for n = 5, 7.

Lemma 7.3.2. If f(T) € Z[T)] is monic and there is a prime p such that f(T)
is irreducible in JT%[T] then f(T) is irreducible in Q[T].

If n =6, f is irreducible mod 2.

Now, when n is a prime number, a transitive permutation group of n letters
is a symmetric group if it contains a transposition. We have

2’ = (X - X+1)(X*+22+1) (mod 2)

X - X+1=X*-X+1)(X°+X*' =X - X +1) (mod 3)

Since quadratic polynomials occur in the factorizations, the Galois groups con-
tain transpositions (and are n-transitive). Thus, they are symmetric groups.
We are left with the case n = 6. We have

X X+1=(X+D(X*P+ X -1)(X*+ X+ X —1) (mod 3)

X X+1=(X-2)(X°+2X* -3X+ X? +2X +3) (mod 7)

Now, X° 4 22* — 3X3 + X? + 2X + 3 is irreducible modulo 7. To see this, we
use Proposition 7.1.2.

If X5+22* —3X3+ X% 42X + 3 was reducible modulo 7, it would have a root
in 7% (for a linear factor) or in a quadratic extension field of 7% (for a quadratic
factor). In either case, this factor would divide both X% — X +1 and X% — X
But, these polynomials have no common factors except X — 2, which does not
divide X°+22*—3X3+X?+2X +3 modulo 7. So, X°+22*—3X3+X?4+2X+3
is irreducible, and the Galois group is a symmetric group by a result in [14],
cited in [12].

3. We have shown that L = Q(a,...,qa,) is an unramified extension of Q with
Calois group S, for n = 5, 6, 7. Now, L/Q(v/D) is an unramified field exten-
sion (because Q(v/D/Q is ramified, and ramification indices are multiplicative)

with Galois group of order |52—"‘ But, the only permutation group with this

order is A,,. Thus, L is an unramified extension of Q(\/ﬁ) with Galois group

A,,n=2>56,T.

Let p be a prime number which does not appear in the factorization of D.

Then, each L(y/p)/Q(+/pD) is unramified and its Galois group is a symmetric

group.
O
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Theorem 7.3.5 (Uchida, 1969 [12]). There exist infinitely many real quadratic field
with class numbers divisible by 3.

Proof. If a cubic irreducible equation X —aX +b = 0 (a, b € Z) satisfies the
condition of Theorem 7.1.5, and if K denotes its splitting field, the Galois group of
K/Q is a symmetric group of three letters. Let D = 4a® — 2707 be the discriminant
of the given equation. Then K/Q(v/D) is an unramified abelian extension. So, the
degree of the extension K/Q(v/D) divides the degree of the Hilbert class field over
Q(V/D). Now, the Hilbert class field over Q(v/D) has order is divisible by the order
of the Galois group K/Q(+v/D), which is 3 (by multiplicative property of degrees
of field extensions). Since the class group is isomorphic to this Galois group (as
discussed in section 2 of this chapter), the class number of Q(v/D) is divisible by 3.

Therefore, it is enough to prove there exist infinitely many different Q(\/ﬁ)
with positive D. If we assume that a > 2, @ = 1 (mod 3), and b = 1, then
X3 — aX + [ is irreducible and satisfies the condition of Theorem 7.1.1 and has a
positive discriminant 4a® — 27 = D > 0. Then clearly, if p # 2, 3 is a prime number,
p divides D for some a if and only if 4 is a cubic residue mod p. If p =2 (mod 3),
any number is a cubic residue. So, there exists a; > 2 such that p | 4a3 —27. As the
equation

a;+rp=1 (mod 3)

has an integral solution r, we may assume that a; = 1 (mod 3) If 4a3 — 27 is divisible
by p?, we replace a; by a = a; + 3p. Then, 4a® — 27 is divisible by p but not by
p®. So, p is ramified in Q(v/D)/Q. As there exist infinitely many p satisfying the
above condition (p = 2 (mod 3)), there exist infinitely many different Q(v/D), with
D positive and the discriminant of some irreducible monic cubic equation. ]

Theorem 7.3.6 (Uchida, 1970 [15]). Let n > 3 be an integer, and A, be an alter-
nating group of degree n. Then there exist infinitely many quadratic number fields
which have unramified Galois extensions with Galois groups A,.

Proof. We find pairs of rational integers (a, b) such that ((n — 1)a,nb) = 1 and
the equations f(X) = X" —aX + b = 0 which have symmetric groups S,, as Galois
groups. Now, we show that there exist pairs of integers (a, b) satisfying the conditions
of Theorem 7.1.4. Let [ be a prime number such that

[=1 (mod (n—1))
holds. If b is divisible by 1, then
X" —ar+b=XX""'—a) (mod]I)

holds. As Z/IZ contains all the (n — 1)-st roots of unity, X"~' — a is irreducible
mod 1 if a is a primitive root mod 1. Then, X™ — aX + b has irreducible factors of
degree 1 and degree n — 1, if it is reducible over Q. But, it has no factor of degree
1 if a is sufficiently large. Then X" — aX + b is irreducible over Q, and its Galois
group is primitive by the factorization X" —ax +b = X (X" ! —a) (mod ). We
can choose a and b as ((n — 1)a,nb) = 1. Then, all the conditions of Theorem 7.1.1
are satisfied.
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Now let p be any prime number such that (p,in(n — 1)) = 1, where [ is fixed
as above. We show that there exists a pair (a,b) such that D = D(a,b) = pD,
(p, Dp) = 1 and that satisfies the above conditions. Then we have infinitely many
different Q(+v/D). D is calculated as

D =[]t —ap?* =(=1)"=" T £ (o)
1<j A
=<—DE%HIIW%”“—®
n(n 1) nag — aqy
_ H H -
(acy; — b — aoy
_H H .

T (2 — oy — nb)
IT; c

:nnbn—l _ (TL _ 1)n—1an

Let b be a multiple of [ such that b=n—1 (mod p) and (b,n—1) = 1. As (p,n) = 1,
we have a sufficiently large integer a; such that ¢; = n (mod p), (a;,nb) =1 and a4
is a primitive root mod 1. Then Dy = D(ay,b) is divisible by p. If D is divisible by
P2, we replace a; by

a = ay, + nblp

Then D = D(a,b) is divisible by p, but not divisible by p?>. This completes the
proof. O]

Corollary 7.3.2 (Uchida, 1969 [12]). Let G be a finite group. Then, there exists an
algebraic number field k which has an unramified extension with Galois group G. If

G is of order N, k is taken as [k : Q] < 2(n — 1)!

Proof. Let K be a Galois extension of Q with Galois group S,,, which is unramified
over Q(v/D). Let ¢ be a prime number such that (¢, D) = 1. Then, K(\/q) is
unramified over Q(\/E) and its Galois group is a symmetric group S,,. So, GG can be
considered as a subgroup of S,. If k& denotes the subfield of K(,/q) corresponding
to GG, k satisfies the conditions of this corollary, as required. n

Corollary 7.3.3 (Uchida, 1970 [15]). Let F' be an algebraic number field of finite
degree. Let a and b be indeterminates. Then, the equation

X" —aX+0b
has the Galois group S, over F(a,b).

Proof. We may assume that F' is normal over Q. Let (ag, by) be a pair of rational
integers such that the Galois group of X" — agX + by is a symmetric group .5,,. Let
Dy = D(ag,by) be its discriminant. By the proof of Theorem 7.1.8, (ag,by) can be
chosen such that Q(v/D) is not included in F. Then, the Galois group of X" —aX +b
over F'is also S,,. So the Galois group of X" —aX + b over F(a,b) is also S,,. [
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